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Abstract

In this thesis, we have used a linearized quantum gravity setting to investigate the effects of
gravitons on matter systems. Based on the graviton-matter interaction, we have then pro-
posed detector models that may be able to pick up graviton-induced signatures in a matter
of a few years. We start with the simple model of a two-particle model detector system inter-
acting with quantized gravitational fluctuations while the detector degrees of freedom obey
the generalized uncertainty principle (GUP). Using a path integral quantization technique for
quantizing the gravitational fluctuation, we obtain the transition probability for the system
to go from an initial state to some final state and after quite a bit of analytical calculations,
we arrive at the final form of the transition probability where the graviton effect is captured
by the Feynman-Vernon influence functional. Extracting the action part from the transition
probability and then extremizing the action, we arrive at the GUP modified geodesic devia-
tion equation infused by graviton noise fluctuations. Obtaining the analytical solution and
calculating the standard deviation, we obtain a time-dependent standard deviation of the
geodesic separation, which is indicative of the GUP effect in a quantum gravity scenario. We
have then considered the simple model of a freely-falling point-particle under the effect of
Earth’s gravitational field while it interacts with quantum gravity fluctuations. It is observed
that the standard deviation in the position as well as the momentum of the freely-falling par-
ticle depends on the two-point graviton noise-noise correlator. From the uncertainty product
of the position and momentum of the particle, one can write down an inequality, which even-
tually leads to a quantum gravity modified uncertainty relation. We also obtain an upper
bound to the uncertainty relation and find out that the analytical structure of the uncertainty
relation is the same for different graviton states. We also observe from the lower bound of
the uncertainty relation that in the Planck mass limit, the quantum gravity modified uncer-
tainty relation reduces to the generalized uncertainty principle with a pre-determined GUP
coefficient. For the next part of the thesis, we have mainly focused on the phenomenological
aspects of a linearized quantum gravity theory. For the initial phenomenological model, we
have considered the same two-particle model detector system interacting with gravitational
fluctuations where the entire set-up is placed inside a harmonic trap potential. We now quan-
tize the detector as well as the gravitational part of the system and investigate the transition
probability for the model system to go from some initial state to a different final state. We
find out that the transition probability for the detector to go from an initial lower energy
state to an excited state via the absorption of a graviton is identical to the case of a detector
making the same transition by the energy absorption from a classical gravitational wave when
the gravitational wave is considered as a combination of a finite number of gravitons and the
energy-flux relation corresponding to a gravitational wave is implemented. However, for the
de-excitation scenario, we observe that even if the initial state has no gravitons in it, it can
still come from a higher excited state to a lower excited state via the spontaneous emission
of a single graviton. This spontaneous emission of a graviton is a pure signature of quantum
gravity, and if observed in an experimental scenario, will be indicative of the existence of



gravitons in nature. In order to inspect a more involved phenomenological aspect, instead
of the standard matter-detector system, we make use of a relativistic scalar Bose-Einstein
condensate (BEC). At first, we have investigated the response of relativistic BEC towards
incoming graviton fluctuations. We make use of quantum metrological techniques to obtain
the quantum gravity modified Fisher information, which is constructed out of the matrix el-
ements of the single-mode BEC covariance matrix where the matrix elements are influenced
by graviton-induced noise fluctuations. Using the quantum gravitational Fisher information,
we have then obtained the quantum gravity modified Cramér-Rao bound from which it is
possible to obtain the minimum value in the measurement of the standard deviation of the
gravitational wave amplitude. We observe that for gravitons with high squeezing, the BEC,
even with very small phonon squeezing, is able to pick up the signatures of quantum grav-
ity. However, for a classical gravitational wave, the BEC is not sensitive to the incoming
gravitational fluctuations. It therefore indicates that if a graviton comes and interacts with
a BEC where the graviton states are highly squeezed, then a detection of the gravitational
fluctuation by the BEC will be a direct evidence of graviton detection by a BEC-based gravi-
ton detector. Based on this model detector system, we further extend our analysis to the
case where the wave vectors corresponding to the single mode of the BEC are also quantized.
From the analytical form of the reduced density matrix of the Bose-Einstein condensate where
the graviton degrees of freedom are traced out, we observe that the off-diagonal elements of
the density matrix corresponding to the BEC part undergo a time-dependent decoherence
which is instigated by bremsstrahlung induced by the graviton noise-fluctuations. We then
consider a maximally entangled momentum state of the Bose-Einstein condensate. We find
out that the initial tensor product state of the BEC-graviton system gets entangled over time
due to graviton-induced decoherence, which we term as a Bose-Einstein “supercondensate”.
Based on this principle, we propose a BEC-based graviton detector, which is a two-phase
Mach-Zehnder type atom interferometer where the atom-lasers generated from a continuous
wave Bose-Einstein condensate play the role of matter wave packets. If this experimental
model is implemented successfully, it is evident that gravitons will be detected in a matter of
decades. This thesis, therefore, paves the way for the idealization of new graviton detector
models and also directs towards the investigation of new and significant phenomenological
aspects of a quantum theory of gravity, which may be possible to implement using standard
and future experimental advancements.
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Chapter 1

Introduction

At the end of the nineteenth century the understanding of reality completely changed.
Maxwell has just combined four of the distinct laws of electrostatics and electrodynamics
creating the combined theory of electromagnetism. These Maxwell’s equations are also con-
sidered as one of the first and most beautiful unifications achieved till date. In the beginning
of the twentieth century, Albert Einstein proposed the idea of special relativity [1] which
shattered the idea of an universal time proposed by Isaac Newton in the seventeenth cen-
tury and this is also considered as one of the biggest landmarks in theoretical physics. In
the year 1900-1901, Max Planck wrote several papers introducing the fact that energy is
not transferred continuously rather it moves in packets or “quanta” with fixed energy value
which is equal to the value of Planck’s constant multiplied by the frequency of the emitted
radiation [2-5]. In the mean time Albert Einstein also had given the first theoretical analysis
of the photoelectric effect by considering light as a collection of discrete quanta of energy [6],
the energy of which is equal to hv (v being the frequency of light). All these new experimen-
tal and theoretical findings directed towards a new fundamental theory of nature, also known
later as quantum mechanics. This new theoretical aspect mainly told a completely different
story of the microscopic world where suddenly from the classical determinism physicists jump
into the world of indeterminism and probabilistic outcomes. In the years 1911-1915, Albert
Einstein wrote another series of papers which led to the generalization of special relativity
also known as the theory of general relativity [7—11]. The general theory of relativity, al-
though being a classical field theory of gravitation is extremely accurate and is considered to
be one of the most accurate theoretical descriptions of the universe at larger length scales.
For a many particle description of Quantum mechanics, when considered in a special rela-
tivistic setting, one needs to generalize the idea of quantum mechanics and it led to the birth
of quantum field theory. With the increasing theoretical and experimental advancements,
it was observed that it is possible to write down a self-consistent and fully renormalizable
quantum field theory for three of the four fundamental forces of nature, namely electromag-
netic force, weak nuclear force, and the strong nuclear force. However, when trying to write
down a quantum field theory of gravity, it led to several fundamental problems. One of the
main problems being the non-renormalizability of the quantum field theory of gravity. It
was observed that when one approaches a very high energy, the higher order loop corrections



start to diverge resulting in the non-renormalizability of the theory. It is postulated that
quantum gravity effects, if exists, will be dominant in very small length scales. In [12] it was
argued that at such small length scales, gravity becomes so weak that all of the other three
fundamental forces hugely dominate and the effect of gravity becomes negligible. One of the
other consideration is that the the quantum theory completely breaks down at larger length
scales and the gravity behaves classically [13-17]. There are although some real problems
in a classical theory of gravity, which are the existence of singularities in some solutions of
the Einstein’s field equations. Places like the Big bang singularity and the singularity of
a black hole, the classical field theory of gravity breaks down indicating the possibility of
the existence of a more involved theoretical structure lying at a length scale which is of the

order of the Planck length, given by the analytical expression lp, = Z—f ~ 1072 m. There

have been several attempts to write down a full quantum field theory of gravity. The cur-
rently considered contenders for a theory of quantum gravity are string theory [18-24], loop
quantum gravity [25-28], and noncommutative geometry [29-31]. String theory considers the
fundamental object of the universe being a particle instead of a string and as its low energy
limit the general theory of relativity comes out whereas loop quantum gravity considers the
spacetime metric as an operator and the quantization of the background spacetime leads to
a quantum gravity theory. Noncommutative geometry on the other hand relies on the fact
that the operator-valued spacetime coordinates have a non-vanishing canonical commutation
relation between them. All of these results indicate that spacetime at very small length
scales is not continuous and have a discrete mesh like structure. Although these theories
are successful in explaining some of the fundamental aspects of gravity and spacetime itself
at very high energies, they cannot give a very robust and a solid picture and suffer from
some serious issues. Hence, instead of going for a full quantum gravity theory, the easiest
way is to look for quantum gravity signatures in a linearized quantum gravity model. In
principle, Einstein’s field equations are highly non-linear in nature which means that for two
different analytical forms of the energy momentum tensor, if certain analytical forms of the
background spacetime is obtained, then the sum of the two solutions does not produce the
Einstein’s field equations for the combined geometrical effect. The linearized quantum gravity
model considers small gravitational fluctuations upon a background spacetime metric. In his
1916 article [32], Albert Einstein considered a flat Minkowski background upon which he took
small gravitational fluctuations. Substituting this metric in the field equations, he obtained a
wave equation that propagates with the speed of light. These waves therefore are also termed
as the gravitational waves. In 2015, the detection of gravitational waves [33-35] after almost
a hundred years of the prediction by Einstein led to an upsurge in the research related to
gravitational wave physics and its detection scenario. The currently operating gravitational
wave observatories include LIGO, VIRGO, KAGRA!, and GEO600. The standard linearized
quantum gravity theory stands upon this quantization of the small gravitational fluctuations
over the background metric. The first proposals regarding the detection of the quantum
nature of gravity were given initially by M. P. Bronstein [36] and later by R. P. Feynman [37]

'LIGO: Laser Interferometer Gravitational-wave Observatory; VIRGO: Virgo Interferometer for the De-
tection of Gravitational Waves; KAGRA: Kamioka Gravitational Wave Detector.



in the Chappel Hill conference [38]. The formalism for quantizing a linearized gravity theory
was initially postulated by M. P. Bronstein [39,40] and later it was further developed by S.
N. Gupta [41,42]. In [41,42], it was first shown that a “graviton”, the quanta of linearized
theory of gravity, is either a spin-zero or a spin-two particle. It is way easier to quantize
a linearized gravity theory in a consistent way and in this procedure some of the standard
problems in renormalization go away. Hence, considering graviton interaction with standard
physical systems and trying to unearth signatures of quantum gravity may lead to the correct
way of approaching a full quantum theory of gravity?. The main problem with any such ap-
proach lies in the fact that the theory of linearized quantum gravity primarily resides in the
low energy limit and as a result any kind of matter-graviton interaction signatures become
very small rendering it impossible for an experimental detection. For finding signatures of
quantum gravity there are several directions; a direct and an indirect approach. The indirect
approach relies on looking at physical systems where the quantum gravity signatures arise as
a subtle change in a physical observable and it does not require a full quantization of the back-
ground spacetime. One of such examples being the modification of the standard Heisenberg’s
uncertainty principle which is also known as the generalized uncertainty principle [44-46].
Instead of directly quantizing the background gravitational fluctuations, one can just modify
the standard Heisenberg’s uncertainty principle and calculate different observables to search
for any changes due to the inclusion of the generalized uncertainty principle compared to the
standard results obtained using the Heisenberg’s uncertainty principle. Such detection will
lead to an indirect signature of quantum gravity. Another way is the direct approach where
the background spacetime fluctuations are quantized to invoke quantum gravity effects in the
physical system. There have been a series of investigations that aim to unearth signatures
of quantum gravity via investigating the generation of entanglement due to graviton inter-
action between two massive bodies [47-51]. As two gravitational fluctuations can superpose
with each other in a quantum gravity set-up, it is possible to mimic the experimental set-
up proposed in [47-50] by creating a pair of coherent quantum matter source which is very
difficult to achieve experimentally. Such experiments rely primary upon the gravitational
fluctuations created by quantum matter sources. A different kind of experimental scenario
is possible where the gravitational fluctuations come directly from gravitational waves. In a
series of works [52-56], the interaction of a gravitational wave with two-particle model de-
tector systems have been considered. The model considers a particle with a very small mass
and the other particle with a heavier much. The mass of the heavier particle is significant
enough for its dynamics to be neglected. This model imitates one arm of the ‘I shaped
interferometric detectors currently in existence. Now from the model proposed in [52-56],
by extremizing the quantum gravity modified total action of the model system, one obtains
the graviton induced modified geodesic deviation equation. The geodesic deviation equation
now gets infused by a quantum gravitational stochastic term that gives it a Langevin-like
structure. It is a very important observation as the analytical form of the geodesic separation
becomes dependent on the stochastic graviton-induced noise term and as a result there is a

2For a detailed review on the evolution of the quantum gravity theory in the first half of the twentieth
century please refer to [43].



non-vanishing uncertainty in the measurement of the geodesic separation between the two
particles. This is equivalent to measuring an overall uncertainty in the measurement of the
detector arm length which is along one of the polarization of the gravitational wave. The
standard deviation in the measurement of the geodesic separation is observed to be of the
scale of that of the Planck length. As has been discussed in [53-56], one of the ways to get
an enhanced signal is if the gravitons are thermal in nature or carry an inherent squeezing.
Such high value of the squeezing or the temperature can only be found in primordial gravita-
tional waves or very high temperature gravitational explosions. Now, primordial gravitational
waves are considered to generate during the inflation period and lies in the 0.0001 — 10 Hz
frequency range. At this moment there are no available gravitational wave observatories that
work in such low frequency ranges however space based gravitational wave observatories like
LISA (0.0001 — 1 Hz) and DECIGO (0.1 — 10 Hz) are already in consideration as the next
step towards gravitational wave astronomy and astrophysics ®. As a result, the possibility for
finding a signature of graviton interaction with this future generation of gravity wave detector
is not very faint. As has been discussed in [54], for high initial squeezing of the gravitons, the
uncertainty in the measurement of the arm length does lie within the sensitivity range of the
future generation space based gravitational wave detectors. The aim of this thesis is quite
simple but involved, to find fundamental aspects of a quantum gravity setting and to finally
propose an experimental model which shall be sufficient for picking up graviton signatures
in future. The thesis is separated into two parts. The first part, “The fundamental mini-
mal length in quantum gravity”, revolves around few of the fundamental aspects of quantum
gravity when considered in simple physical set-ups. There are three chapters in the first part
and the contents covered in the chapters go as follows.

o In chapter(2), we start with the basic discussion of the existence of a fundamental
length scale in nature if a quantum theory of gravity exists. This helps one to modify
the Heisenberg’s uncertainty relation in a way that the uncertainty in the measurement
of the position observable can not go below the value of the fundamental length. With
this basic discussion of the generalized uncertainty principle and its n-dimensional
generalization, we finally note down some of the drawbacks present in the used standard
structure of the generalized uncertainty principle.

o In chapter(3), we consider the two-particle interferometer model proposed in [52-54],
and make use of a path integral approach to quantize the background gravitational
fluctuations where the detector phase space variables obey the generalized uncertainty
principle. We start with the basic derivation of the Fermi normal coordinates and de-
scribe the methodology presented in [54]. Making use of the path integral approach, we
arrive at the action for the joint graviton-detector model system where the geodesic de-
viation and its conjugate momentum obey the generalized uncertainty principle (GUP).
Finally extremizing the action with respect to the geodesic separation, we arrive at the
GUP modified stochastic geodesic deviation equation. From their, we calculate the

3LISA: Laser Interferometer Space Antenna; DECIGO: DECI-hertz Interferometer Gravitational wave
Observatory.
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bound on the undetermined dimensionless GUP parameter by claiming that the GUP
corrected term cannot be larger than the standard term in the analytical form of the
geodesic separation. We also plot the time dependent uncertainty in the geodesic de-
viation and investigate whether the GUP infusion lead to any significant insight. This
chapter is based on the publication S. Sen and S. Gangopadhyay, “Minimal length scale
correction in the noise of gravitons”, Eur. Phys. J. C 83 (2023) 1044.

o In chapter(4), we take the model of a point-particle freely falling under the effect of
Earth’s gravitational field. This model was first proposed in [57]. Here, we primarily
aim to use this simplified model where as the background, the Earth’s gravitational field
is considered (upto the Newtonian correction) and the fluctuations upon this gravita-
tional background is quantized using a path integral approach. We then calculate the
uncertainty in the position corresponding to the particle part and multiply it with its
corresponding uncertainty in momentum. This helps us to write down a true quantum
gravity modified uncertainty relation using the Planck constants. We analyze the un-
certainty relation for the gravitons initially being in a vacuum, squeezed, and a thermal
state and from there investigate whether such a quantum gravity modified uncertainty
relation is universal in nature. We also compare our result with the standard general-
ized uncertainty principle and comment on the similarities and whether it is possible
to obtain the generalized uncertainty principle using the quantum gravitational uncer-
tainty relation. This chapter is based on the publication S. Sen and S. Gangopadhyay,
“Uncertainty principle from the noise of gravitons”, Eur. Phys. J. C 84 (2024) 116.

These three chapters conclude the first part of our thesis, where we aim to investigate the
role of fundamental minimal length in detector model systems and also aim to derive the
uncertainty relation based on which it is possible to investigate the important aspects of
linearized quantum gravity in simple physical systems.

For the next part of our thesis, “Quantum gravity phenomenology”, we primarily aim on the
phenomenological aspects of a linearized quantum gravity model and we also aim to propose
an experiment based on the fundamental properties of exotic matter systems which may lead
towards a detection of gravitons in the very near future. In this part, we use the canonical
quantization approach of linearized gravity. The second part of the thesis also consists of
three chapters and the contents covered in the chapters go as follows.

o In chapter(5), we consider the model of the two particle system and place it inside a
harmonic trap potential. This model mimics the set-up of an interferometer detector
placed inside a harmonic trap potential which can also be considered as a resonant
bar gravitational wave detector. We quantize the detector part as well as the gravita-
tional fluctuation part of the system. We then obtain the transition probability of the
system for going from an initial state to some final state. We then make use of the
energy-flux relation for a gravitational wave and we consider that this energy is trans-
ferred by a finite number of gravitons. Finally, for the resonant absorption case, we
compare the quantum gravitational absorption probability with the semi-classical case
where the gravitational wave is treated classically. We also compare the quantum grav-
itational result for the emission scenario with the semi-classical result. Based on the
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observed differences between the two cases, we comment on the possible detectability
of a graviton-signature in such class of gravitational wave observatories in future. This
chapter is based on the publication, S. Sen, S. Gangopadhyay, and S. Bhattacharyya,
“Quantum gravity signatures in gravitational wave detectors placed inside a harmonic
trap potential”, Phys. Rev. D 110 (2024) 026008.

In chapter(6), we use the model of a Bose-Einstein condensate interacting with gravita-
tional fluctuations where the gravitational fluctuations are quantized. We start with a
brief discussion of quantum metrological techniques which are required for this analysis
and obtain the covariance matrix for the single mode of a Bose-Einstein condensate at
zero temperature. We next discuss the nonrelativistic Bose-Einstein condensate for an
ideal Bose gas and obtain the condensate temperature for a relativistic model of the
Bose-Einstein condensate. We obtain the Lagrangian for the relativistic Bose-Einstein
condensate in a flat background with gravitational fluctuations. Using a canonical
quantization technique the gravitational fluctuations are quantized which then help us
to write the stochastic equation of motion corresponding to the time-dependent part
of the Goldstone bosons. One then obtain the equation of motion solving the stochas-
tic Langevin-like equation of motion from which it is possible to read the Bogoliubov
coefficients. Using quantum metrological techniques and the analytical forms of the
Bogoliubov coefficients, it is possible to obtain the quantum gravity modified Fisher
information which is related to the uncertainty in the measurement of the gravitational
wave amplitude via the Cramér-Rao bound in this quantum gravitational set-up. We
then compare the sensitivity of the Bose-Einstein condensate with the proposed sen-
sitivity curve of the upcoming space based gravitational wave observatories. The fre-
quency range in consideration are in the 0.0001 — 10 Hz range which is the exact range
for primordial gravitational waves generated during the beginning of the inflation. We
also look into the case when the phonon modes are interacting with each other result-
ing in an overall decoherence effect and compare it with the case when the phonons
are not-interacting with each other. This chapter is based on the publication, S. Sen
and S. Gangopadhyay, “Probing the quantum nature of gravity using a Bose-FEinstein
condensate”, Phys. Rev. D 110 (2024) 026014.

In chapter(7), we extend the analysis presented in chapter(6) and aim to propose an
experimental set-up which shall be able to detect quantum gravity signatures in future.
We consider a maximally entangled momentum state for the Bose-Einstein condensate
and investigate the decoherence effect generated due to the graviton induced noise in
the Bose-Einstein condensate. To observe the decoherence effect, we start with the
von-Neumann equation of motion corresponding to the density matrix of the single
mode Bose-Einstein condensate for a maximally entangled momentum state. Taking
trace over the gravitational field degrees of freedom, we observe from the analytical
form of the reduced density matrix, the consequences generated due to gravitational
bremsstrahlung. We also analyze entanglement degradation due to graviton interaction.
Based on the fundamental results of this analysis, we propose an atom-interferometry
based experimental model where for interference coherent atom laser beams generated
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from a continuously generated Bose-Einstein condensate inside of a harmonic trap po-
tential is used. The fundamental principle behind this experimental model is that
decoherence will lead to blurring of the atom interference pattern leading to a more
mixed distribution of the bosons. The important thing to note that the experimental
model proposed here is a combination of different ground-breaking experimental mod-
els which are implementable currently. As a result the experimental model proposed
here is implementable in a matter of a decade with the use of some very complicated
engineering marvels. This chapter is based on the publication, S. Sen and S. Gangopad-

hyay, “Quantum nature of gravity in a Bose-Einstein condensate”, Phys. Rev. D 111
(2025) 066002.

Finally, in chapter(8), we conclude our results and discuss the important aspects and
novel findings.
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The fundamental minimal length in
quantum gravity
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Chapter 2

The fundamental minimal length

In 1927, Werner Heisenberg for the first time postulated that if the position is measured
for an object precisely then it is impossible to precisely measure the momentum of the
particle simultaneously [58]. The multiplication of the standard deviations in the position
and momentum observables obey an inequality, which reads

AxAp > g (2.1)

where h = % is the reduced Planck’s constant with h denoting the Planck’s constant. The
above inequality is also known as the Heisenberg’s uncertainty relation. From the equality it
is easy to check some important aspects between the uncertainties in the position and mo-
mentum. It is easy to check that for a precise measurement of z (Az = 0), the uncertainty
in the momentum becomes infinite whereas for a precise momentum measurement (Ap = 0),
the uncertainty in position becomes infinite. From eq.(2.1), it is possible to write down a
commutator bracket between the position and the momentum operator as [z, p| = ih. Now,
the uncertainty principle in eq.(2.1) does not have any influence from a gravitational per-
spective and for considering true quantum gravitational effects the form of the uncertainty
principle in eq.(2.1) should change. In this chapter, we shall start with the basic discussion of
the modified Heisenberg’s uncertainty relation which is considered to be a direct effect of the
quantization of the gravitational field. Now, the primary drawback of unifying quantum field
theory and general relativity lies in the fact that any quantum field theory of gravitation is
non-renormalizable as has also been discussed in chapter(1). Any standard quantum gravity
theory, in general, gives an ultraviolet cut-off which leads to the existence of a fundamental
minimal length in nature. Thorough investigations in string theory [18-24], loop quantum
gravity [25-28], and noncommutative geometry [29-31] propose that this fundamental mini-

mal length is of the order of the Planck length given by lpj = /% ~ 107 m. As a theory of

quantum gravity introduces a fundamental minimal length, in principle, it should solve the
singularity problem in classical general relativity. This fundamental minimal length should
be represented by the uncertainty in the measurement of the position parameter (Az) from a
quantum mechanical perspective. The most straight forward way to incorporate this funda-
mental minimal length in the theory is by modifying the standard Heisenberg’s uncertainty
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relation. The modified uncertainty relation in one dimension incorporating a non-vanishing
minimum uncertainty Ax reads [44]

AzAp > g [1+ B,(Ap)* + ] (2.2)

where (3, and ( neither depends on the uncertainty in the position parameter nor in the
uncertainty in the momentum parameter. The subscript p in /3, denotes that it is a coefficient
corresponding to the (Ap)? correction in the uncertainty relation. A more generalized version
of the above uncertainty relation given in eq.(2.2) can be written where the right hand side
also consists of an uncertainty in the position variable [45,46] which is given by!

Artp> D14 (80 + 5(Ap)? + G (2.3

with 3, and 8, denoting the coefficients corresponding to the square of the uncertainties in
position and momentum variables in the uncertainty principle and (o = ¢ + ).

2.1 Generalized commutation relation

We already have discussed the proposed form of the modified Heisenberg’s uncertainty re-
lation when there is an existence of the fundamental minimal length in nature. The next
aim is to write down the modified commutation relation between the position operator z and
the conjugate momentum operator p from the form of the generalized uncertainty relation in

eq.(2.3). We start by considering two Hermitian operators & and % where the state of the
System in consideration is given by the ket [¢)). The variances in & and & with respect to
the state [¢)) reads

(Ad)?) = (Wl(d — (d))’|¥) , ((AB)?) = (V|(FB — (B)*|v) - (2.4)
To obtain the uncertainty relation between o and 9?, we first define two new states |e)
and [¢g) which are defined as |[¢y) = (o — ())[¢) and [ig) = (B — (B))[Y)). One can
then rewrite the variances of the Hermitian operators & and &% in terms of the newly defined
states |1y) and |1g) as

<(A9§)2> = (Yur|Ypar) ((Ag:?)Q) = (Valvs) - (2.5)
Using the above equation, one can write down the Cauchy-Schwarz inequality as
(ALY (AB)?) = (V[V} (Vzl0z) > |(War|tha)]* (2.6)

It is now possible to write down the analytical expression for |(1y|1g)| as

[(Warloa)| = [(01( — () (B~ (FB))|¥)]
= % ([of, B)) + ({( — (o)), (B — (B))})

'For a straightforward but simple derivation of the generalized uncertainty principle see [59].

(2.7)

16



Now, we can further simplify the above equation as

arlbad? = 5 (e, B + (L — (ad)), (B — (GNP 28)

4
Here, |({(o — (o)), (B — (B))})|? is a real and positive number, hence, from the above
equation, it is possible to write down the inequality as?

Walia)? > 71, B (29)

Denoting the standard deviations in o and & as Ad = \/((Ad)?) and AB = (AR)?),
we can write down the final form of the inequality as

AAAB > %|<[d,9§]>| | (2.10)

1\IOW7 if CO =

We already know that the variance in x is given as (Az)? = (2?) — (&)%
+ B,(p?*)] which can

B.(2)* + Bp(p)* then one can rewrite eq.(2.3) as AzAp > 2[1 + 8,(2%)
be further simplified as

AzAp > %|<m(1 T Bad® + B - (2.11)

Again from eq.(2.10), we already know that AzAp > %|([:i:,]§])| Comparing the right hand
side of this uncertainty relation from the right hand side of eq.(2.11), we obtain the commu-
tator between the modified phase space variables as [44]

[, 9] = ih (1 + B.2% + Byp°) . (2.12)

In general while considering such modified uncertainty relations, one can always set the
constant 3, to have the value zero. As (,(p?) is a dimensionless quantity, (3, must have the
dimension equal to the inverse-square of the dimension of momentum which can be fixed by
making use of the Planckian constants. One can write 8, = # where mp; denotes the

Planck’s mass given by mp; = \/% with 0 denoting an undefined dimensionless constant.
The generalized commutation relation in eq.(2.12) for 8, = 0 and for the obtained analytical
form of 3, then reads

[Z,p] = ih <1+ f pQ) : (2.13)

mip,
2.1.1 Some important aspects of the generalized uncertainty prin-
ciple

We shall, for the moment, consider the form of the generalized uncertainty relation to be
empirical in nature with the analytical form of the uncertainty principle being (as can be

2This is a straight forward derivation and can be found in any standard quantum mechanics books [60-62].
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seen from eq.(2.3) as well) given as

Arap> (14 5,80 + 6,(5)°) (2.14)

where we have set 8, = 0 in eq.(2.3) and substituted the value of {, to be 8,(p)? as has been
used before to obtain eq.(2.11) (for 5, = 0). For the case of minimum uncertainty, we can
simplify and write down eq.(2.14) as

2_ 2 !

Ap)* = AzAp — — — (p)? 2.15
()= 5 5 (215)
which is a quadratic equation in Ap. Following standard procedure, one can solve the above
equation as
Ax (Az)2 1
Ap=—+ —— —(p)?. 2.16
B, \/ w5 (210

From the above equation it is evident that if the term insider of the square-root becomes
negative then the uncertainty in the momentum will be a complex number. Hence, the
minimum value in the uncertainty of the position variable can be obtained as

(Azmin)® 1
= Az = hy/B, (L+5,(9)%)

D=

We already have argued that 3, = mig and if the expectation value in the momentum is zero
then we obtain the absolute minimum value in the uncertainty in the position to be

AZyin = lp1/ B (2.18)

where lp; = /% ~ 107%m denotes the Planck length with 3 being a dimensionless number.

It is therefore straightforward to claim that if the Heisenberg’s uncertainty relation takes the
form given in eq.(2.14) (when the expectation value of the momentum operator vanishes)
then the minimum length is of the order of the Planck length beyond which one can not
probe experimentally.

2.1.2 Generalization to n-dimensions

One can now further generalize the “generalized uncertainty relation” in one dimension given
in eq.(2.14) to n dimensions. For n spatial dimensions, the generalized uncertainty principle
reads [44]

Az;Apy > ;zéjk (1 + QLQ Z ((Ap)* + <I31>2)> : (2.19)
mp 3
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It is possible to write down the modified commutator for n spatial dimensions from the above
uncertainty relation as

A . B,
[T, pr] = ihdj (1 + poyely (2.20)
where p? = Y 7| prpr. If one requires [p;, Px] to vanish then for a momentum representation

¥(p) = (p|v) (where p = \/prp*), one can write down the representation for the conjugate
operators as

(plD;|v) = pi(p) , (plawlv) = ih(1 + Bop?®)Bp, 0 (p) - (2.21)

Making use of the above representations, one can write down a commutation relation between
two position operators as

(&5, 2] = —2iB,(1 + Bup”) Lji (2.22)
where ﬁjk is the generator of rotations in n dimensions with the analytical form

- 1
L, = ———(Z,;pr — Zkp;) - 2.23
gk 1+ B,p° (ZjPr — TrDy) ( )

2.1.3 Some underlying problems with the generalized uncertainty
principle

The correction to the standard Heisenberg’s uncertainty principle depicted in eq.(2.2) has
some drawbacks.

1. At first the dimensionless coefficient 3 is an undefined constant and therefore it is
always required to obtain a bound on the dimensionless coefficient before working with
the generalized uncertainty principle.

2. The second issue lies in the fact that the coefficient 3, has the analytical form 3, =

— B Substituting the analytical form of the Planck mass, we can write down By
pPi2¢

as 3, = % Now we shall again write down the generalized uncertainty principle in

eq.(2.2) in an expanded form as

h BG 9

AxAp > 5 T 53 (Ap) (2.24)
where we have set (! to zero. The interesting thing to observe is that the quantum
gravity correction term is dependent on two of the fundamental constants, namely
Newton’s gravitational constant and the speed of light. The primary problem is that
the correction term is a quantum gravitational contribution and as a result should
involve both the Planck’s constant A and the Newton’s gravitational constant G. In
eq.(2.24), we explicitly observe the coefficient of (Ap)? in the right hand side of the
inequality does not involve any A contribution rendering it as not sufficient to be called
a true quantum gravitational correction.
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In the next chapter, we shall work in a generalized uncertainty principle modified background
where the response of an interferometric detector will be analytically observed when the
detector is interacting with gravitons. We have then considered a freely falling particle under
the effect of the gravitational field of the Earth in chapter(4). With this simple model, we
then aim to obtain a true quantum gravity modified uncertainty relation that gets rid of the
problems discussed in this subsection.
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Chapter 3

The minimal length scale correction in
linearized quantum gravity

For a single point-particle which falls under the effect of the gravitational field of any massive
object, the standard trajectory is not a straight-line and the path followed by the particle is
known as the geodesic equation. Now for a pair of particle falling freely under a gravitational
field follows the geodesic deviation equation. The curvature effect comes from the consid-
eration of standard classical general theory of relativity. In a series of works [52-56], the
authors have considered the case of a pair of point particles where one of the particle is way
less massive than the other counter part. The background is considered as a flat Minkowski
background with gravitational fluctuations upon it. In order to incorporate quantum gravi-
tational effects in the model system, the background fluctuation is quantized. In [53,54], a
path integral approach is taken to incorporate quantization effects in the detector arm which
is modelled by the two point-particles, separated by a finite spatial distance. It is observed
that the geodesic separation of the two freely falling point-particles gets infused by graviton
induced noise fluctuations. It was observed in [54] that for the graviton initially being in
a vacuum state, the uncertainty in the measurement of the geodesic separation or the arm
length of the detector comes out to be of the order of the Planck length. The important thing
to remember from the discussion of chapter(2) as well as the introduction is that any true
quantum gravity theories like [18-23], loop quantum gravity [25-27|, and noncommutative
geometry [29-31] (which incorporates a minimal length in its formalism), indicate towards
the existence of a fundamental length which is of the order of the Planck length! and as a
result the standard Heisenberg’s uncertainty principle gets modified and the new uncertainty
relation is termed as the generalized uncertainty relation. This connection between the min-
imal length and gravity was first theoretically demonstrated in [39,40]. Later in [63], it was
argued that introducing a fundamental minimal length by taking resort to classical gravi-
tational effects is not possible where a gedanken experiment was considered which strongly
indicated towards the existence of such a minimal length in nature in a quantum gravity set-

IThe existence of such minimal length can although be avoided if the strings have dynamical string tensions
in a string theory. In [64], the existence of a fundamental time was avoided which can in principle be done
for the fundamental length as well.
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up. The theoretical and phenomenological aspects of this generalized uncertainty principle
has been extensively reviewed in the literature in areas related to black holes [65-74], op-
tomechanical system [75-78] (including laboratory based experimental investigations [79,80]),
and harmonic oscillators (including gravitational wave bar detectors) [81-85]. Following the
discussion of the earlier chapter, we already know that if fG and 7%?% denotes position and
momentum operators corresponding to some system then the uncertainties in the j-th spatial
direction follows the following inequality

2

h 2 . .
AEARS > 2 [1 + (A(WG) + <WG>2) +28 (A(wf) + @G)?)] (3.1)
where, the index j can take the values j € {1,2,3} and 3% denotes the undetermined gener-
alized uncertainty principle parameter. The phase space operators £ and #¢ then satisfies
the commutation relation [86-88§]

€6, 75) = ih [@-k + (5jk(ﬁG)2 + zﬁfﬁg)] . (3.2)
If j = k=1, in that case the above commutation relation can be expressed simply as
[€6,79] = in |1+ 38(2°)") . (3.3)

If the standard phase space operators obeying the Heisenberg’s uncertainty principle (HUP)
are given by fH and 7 such that [éH,frH} = ih, then it is possible to establish a relation

between the pair of canonically conjugate operators in Heisenberg as well as generalized
uncertainty principle framework as

E6 =g 2GS =711+ (z")7) . (3.4)

As we shall be executing a purely path integral analysis, we shall therefore not be using the
‘"7 notation for the detector phase space ‘variables’ explicitly.

In this chapter?, we shall be concerned about the implementation of the graviton-detector
model proposed in [52-54], in the generalized uncertainty principle framework, where the
primary reason of choosing this framework lies in the fact that there exists a fundamental
minimal length scale in a true quantum gravitational analysis. We implement the general-
ized uncertainty principle in the detector phase space variable incorporate indirect effects of
quantization of gravity in the detector part of the analysis. We have then used the path-
integral formalism proposed in [52-54]. Using the generalized uncertainty principle modified
Hamiltonian for the graviton-detector system, we calculate the Feynman-Vernon influence

2Here the superscript G in the phase space variables denote that the phase operators obeys the generalized
uncertainty principle.
3As has already been discussed in chapter(2), 8 can be represented in terms of the dimensionless GUP

parameter 5y as 8 = mé’ocz.

4This chapter is basgld on the publication S. Sen and S. Gangopadhyay, “Minimal length scale correction
in the noise of gravitons”, Eur. Phys. J. C 83 (2023) 1044.
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Figure 3.1: A time-like geodesic (. is perpendicular to a space-like geodesic (3 at the point
P(1) where the space-like geodesic is parametrized by the proper distance 8 and the time-like
geodesic is parametrized by the proper time 7. Here, % is the tangent vector to ¢, at P(1)

and a% gives the tangent normal vector at the crossing point.

functional [89]. This Feynman-Vernon influence functional captures the effect of the envi-
ronment on the detector system. Here the environment can be considered as the linearized
gravitational field of which the quanta are the gravitons. As a result, proper calculation of
the influence functional will give us the effect of the graviton induced fluctuations on the
detector. This chapter is organized as follows.

At first, we provide a basic discussion of the Fermi-normal coordinate system and then with
the basic discussion of the background model, we move towards the path integral quantization
of the linearized gravity theory and its implementation. We, have then investigated the ef-
fect of the graviton fluctuation on the geodesic separation of the detector (indicating the arm
length of the detector). Then finally, we have investigated analytically the uncertainty in the
measurement of the detector arm length and investigate the effect of a generalized uncertainty
relation in the detector part of the system and then look into some its phenomenological im-
plications and the possibility of detection of such effects in future generation of gravitational
wave detectors.

3.1 Fermi-normal coordinate system

In this section, we shall be discussing the Fermi-normal coordinates in relation to our current
model system®. If a particle is following a geodesic then it is possible to create a coordinate

®For a discussion on this matter one can also look at [90].

23



system which is local and moves with the particle along the geodesic. Such a coordinate
system is known as a Fermi-normal coordinate system [108]. In this section, we proceed with
the analysis of how to properly construct the Fermi-normal coordinates when the particle is
moving along a time-like geodesic. The reason for considering the Fermi-normal coordinate
system lies in the fact that, the model of our system consists of two freely falling particle
representative of the arm of an interferometric detector where the heavier mass particle follows
a time-like geodesic. In Fig.(3.1), we observe a time-like geodesics ¢, which is parametrized
by the proper time 7. We consider another geodesic (3 (parametrized by the proper distance
8) which is perpendicular to the time like geodesic at the point (7). The choice of the
crossing point is taken in a way such that at 2(7), 8 is zero. It is then possible to write
down the local inertial frame as

=7, 1 =kr8 (3.5)

where k’ denotes the coefficients of 6 which is the tangent vector (% = K/ 88]) and can be

seen from Fig.(3.1). These coordlnates in eq.(3.5) are the Fermi-normal coordinates. The
base vectors 8% are parallel-transported along the time like geodesic. If it is possible to find
a point on ¢, such that the orthonormality condition gets satisfied (taking into consideration
the degree of rescaling for the coefficients #7) then it will hold true along the geodesic as the
bases are parallelly transported. It can therefore be safely claimed that in the Fermi-normal
coordinates the metric on the time-like geodesic is the standard Minkowski metric 7,5. The
next step is to show that the Christoffel symbols vanish along the time-like geodesic (.
As the bases are parallelly transported along the time-like geodesic, it is easy to show that

a50<x0 =70 =0) = [l = 0. The geodesic equation corresponding to the space-like
geodesic reads

d*z™ Lo drt dx”
d§2 I dg dg - (3 6)
d?x dr dr dr ’

— —— 4 T" + 27

182 0073 43 " TR =0

% ds

Now, z% = {7, k’8} which gives £~ = (. Substituting this result in the above equation, we

obtain

d§
%K' =0. (3.7)
Now, both % and k7 can pick up arbitrary values, which leaves us with the result
o0 S
%" =712 =x'8)=0. (3.8)

If now, 8 = 0 then the above Christoffel symbol is evaluated on the time-like geodesic at the
point PP (1) = 0 which gives us

%’ =727 =0) =%, =0. (3.9)

Combining the above result with T'%[¢., we can conclude that the Christoffel symbols do
vanish along (. We shall now need to calculate the components of the metric about the time-
like geodesic such that the system itself does not feel the effect of the background curvature.

24



This will help one to expand the metric in terms of the coordinates. We start with the
geodesic deviation equation

2¢Fa
D § R“ uﬁu,ufu (310)

do2 VB

where % denotes a covariant derivative where o € {7,8}. The left hand side of the above
equation can be expanded as

9201 dEe
s d0(§+r f)

do? do
= (‘g) + ;:B”uﬁfu—l—l““ V‘@—W&”Ha Ju’ df:
= ‘55: + Faw,?u + dz — P T, T U — T2, T, e (3.11)
— 7, T% utu’e” +T%,u’ f + T, 0T, ut
nga +2r°, Cifg + d; fj Cs; uPer T, T2 utu’e” — T, Ty u'uPe”
where, we have made use of the fact that the covariant derivative of the four-velocity u® = %

is zero. Using the final line of the above expression and substituting it back in eq.(3.10), we
arrive at the form of the geodesic deviation equation as
st

d2§a N dT’ £y
do? + 2r d—'LL -+ ( Bru + —dl’“

(67

+19,1%, — Fapyrpﬂu) uu’e” =0 (3.12)

where we have used the anti-symmetric property of the Riemann curvature tensor given

by R%,, = —R%,,- Any point on the space-like geodesic (3 can be determined by three
il
ar

(%)T , Which create dev1at10ns with respect to the space-like geodesic (5. If two space-

like geodesics start from two different points on the time-like geodesic ¢, then the deviation

vector (%)Mj measures the deviation between two such geodesics whereas the deviation

vector ( 86J) ,» measures the deviation when the space-like geodesics has generated or passed

through the same point % (7). We can now write down the geodesic separation £# in terms

of the deviation vector (%)Mj as £¢ = (%):m = (%“T) 0%. Substituting the above

expression for £ in eq.(3.12), we obtain

parameters, namely 7, 7, and 8. It is then possible to consider two vectors ( )M]. and

(o7

—L 421, b
do? i VG da o < o dxr

dr«
167 BO (8% (8%
: < sou + drh +T uprpﬁo - pOFpﬁu>

uwuP 8y =0

.

feY 14 a 14
+ T upr v I pvr ﬁu)

utu® =

T

(3.13)
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We already know that I'Y5|;, = 0 and using this expression and the anti-symmetric property
of the Riemann curvature tensor, we arrive at the equation

( T,
dxt R

We can consider only the spatial degrees of freedom corresponding to the indices S and u,
which will give us the expression

( dr?,
dx? |

where we have made use of the fact that u/|., = s/ and the zeroth component vanishes. The

_ (6%
Buo

; ) u'u® =0 . (3.14)

T

- R%jo’g) K =0 (3.15)

next step is to express the geodesic deviation £ in terms of the deviation vector (%)T .
which can be expressed as £* = (%)ié = % = 5% = 80°. Substituting the analytical

form of £* = 80 in eq.(3.12), we arrive at the geodesic deviation equation for two spatial
geodesics stemming from %P(71) as

dz(%aj) d(80".)
ore - J2
do? + wdo

v+ (R" +—draﬂ” +T° I, — T 7, ) w'u’86", =0 . (3.16)
u B drt up~ By prt g | WU j— Y :

It is easy to check from the above equation that the first term vanishes (o = 8)which helps
to simplify the above equation further as

(a7

o ¥ - A%, re 17 — T« 17 | sutu® = 3.17
bt ,Bju"i_dxu—i_ ppt B T L pit g ) RWUS =V (3.17)

It is now possible to expand the Christoffel symbol in powers of 8 as
03

«a
jk

2N
| 0" ~s

0
% = T%le, + (8 — 8|a(r)

(3.18)

Gr Gr

where we have truncated 0(8?) and higher order terms and used the value of 8 at the point
P (1) which is zero. We have also made use of the fact that along the time-like geodesic
the Christoffel symbol vanishes. Using the Taylor-series expansion of the Christoffel symbol
from eq.(3.18) and substituting back in eq.(3.17), we obtain the modified geodesic deviation
equation as

ore.| dre, l.
28 8—; ) R (R ijk|€r + 8ka . ) 8r'K' +0(8%) = 0
ol ) dre, i
=28 | (R el k|, ) Srfn' 0@ =0 (319)
drai' 1 o ik




Using the above relation and executing the operation ¢ <> k, we arrive at the second relation

dlre, .
( N
ox? ¢

P

1 (6%
3 Wil

) KRR =0, (3.20)

Combining the above two relations, we arrive at the expression (keeping in mind that x’ and

k¥ can take any values)

are.

v

%
&fcg

1

dre, )
. :_g (R ijk:|< +Rka

oxt

+

) . (3.21)

Cr

T

Now, in terms of the metric tensor, the Christoffel symbol is defined as

_ %g‘“ <89>\[3 " 09, _ agﬁp) ' (3.22)

n
I oxP oxP oz

Bp

With the action of the metric tensor g,,, we can write down from the above equation

1 89045 agoc agﬁ
b 0 p
gou"5, = 5 < R e el I (3.23)

Combining the above expression with gg,I'*, , we obtain the following expression

ap’

agaﬂ
JouI''s, + 951", = v (3.24)

Taking a second differential of the right hand side of the above expression, we arrive at the
following expression

8290{5

01 0P~ O (90T + g5uT"a)
8 o 8F 09sp arua
ar“ p
B a
~ Doy Wkp c + gy WA” C + O(x,3)

where we have expanded the metric about the metric along the time-like geodesic ¢, which is
the Minkowski metric and we have also made use of the fact that along (, all the Christoffel
symbols vanish. Dropping terms which will contribute to @(z3) terms in the metric tensor,
we can write down the expression for the second derivative of the metric when @ = § = 0,
and p=1and A = j as

82 doo ~9 8F“OZ

Dxidzi " g (3:26)

Cr
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From eq.(3.15), we have %FTH;” = Rﬂijo‘@ and from this, we obtain ag:;io M Ry, .
This helps us to write down the expression in eq.(3.26) as
9 goo
= ~ —2ng, R",;
B2i 0z o Wi (3.27)
= -2 R0i0j|<7_ .

From the above expression, we can now proceed to obtain the {0,0} component of the metric
tensor upto O(z?). Integrating the above expression single time, we obtain

9900
oxt

where €; is a constant vector. If we check the entire equation along the time-like geodesic
then using eq.(3.24), one can set €; = 0. We can further integrate eq.(3.28) to obtain

Joo = GO — 2/dl’z/d$j ROioj|CT
= GO -2 / dlL‘il’j R0i0j|Cr (329>

= Co — Rojo;

= —2/ ROinlcT dl’j + 6:2 (328)

e, zlxd

where we have made use of the fact that along the time-like geodesic the Riemann-curvature
tensor does not depend on the spatial degrees of freedom. The integration constant €, can
be fixed by setting z° = 0, which requires ggo to lie on the time-like geodesic making it equal
to mgo. Hence, €y = ngo = —1. As a result, we can write down the expression for ggy in the
Fermi-normal coordinates as

goo = —1 — Roioj, z'zl (3.30)
Similarly, from eq.(3.25), one can write down two new expressions given by
Pgoi 4 Pgy 2

~ 2 Ryl ~ 2 Ryal. . 3.31
0xrkOxI 3% leT oxlozk 3 k]l|<7 (3:31)

Integrating both the equations in eq.(3.31), we arrive at the following two expressions given
by

Joi = —§ Rojirl, @'2® gy = 0ij — %
Eq.(3.30) combined with eq.(3.32) gives the complete expression for the non-vanishing com-
ponents of the metric tensor up to 6(z?) in the Fermi-normal coordinates. If one considers
small spacetime fluctuations about the Minkowski background then under gauge transforma-
tions, the Riemann curvature tensor remains invariant. As a result the Riemann curvature
tensor remains same in the transverse-traceless gauge when transformed from the Fermi-
normal coordinates leaving the structure of the metric tensor in eq.(s)(3.30,3.32) same. In
the next section, we start with the background model and the path integral quantization
technique for a freely-falling two particle system interacting with quantized gravitational
wave in the generalized uncertainty principle framework.

Rl a*at . (3.32)
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3.2 Background model and the path integral quantiza-
tion of linearized gravity

We start with the consideration of the basic model-system where the arm of an interferometric
detector is modelled by a freely-falling two-atom system with one of the particles being
considerably heavier compared to the other one. The heavier mass particle follows a time-
like geodesic with respect to which a coordinate system is needed to be implemented to
measure the geodesic separation between the two particles over time. The interesting thing
to note that this geodesics separation is representing the arm of an interferometric detector
where the particle with the lighter mass models the suspending light mirror at the end of the
interferometric detector. The first step is to obtain the model Lagrangian when the detector
is interacting with gravitational waves when the gravitational fluctuations are quantized
where the phase space variables corresponding to the detector part obeys the generalized
uncertainty principle.

3.2.1 Lagrangian for the gravitational wave-detector system

To write down the Lagrangian for the model system, we need to consider the action for the
gravitational fluctuation part and the detector part separately and then we shall combine
them both to obtain the total action for the model system. We can in principle work in a
curved background over which gravitational fluctuations will be considered as g, = gff,, +
with gf‘fy denoting the metric corresponding to the Earth and h,, denoting the background
fluctuations. However, as we shall see in the later part of this chapter, we will primarily
consider detection using the future space-base gravitational wave observatories. (as has also
been done in [52-56]). It is therefore quite intuitive to consider the background metric as a
small perturbation on the flat Minkowski background. The background metric for our model
is then given by

I = N + hw/ (3-33)

where the flat Minkowski metric reads n,, = Diag{—1,1,1,1}. Now, the gravitational part
of the action will be dictated by the Einstein-Hilbert action which reads®

— 1 4

with R = g, R"” being the Ricci scalar, R*” denoting the Ricci tensor, and g denoting the
determinant of the metric tensor g = det(g,,). Substituting the analytical form of the metric
tensor from eq.(3.33) in the Einstein Hilbert action, we obtain the form of the action by
keeping terms up to quadratic order in the perturbation term h,, in eq.(3.33) as

Sex ~ / d*z (h O™ — hOh + 207 0,0,h — 2h,,,0,0“h**) (3.35)

647G

6We set the speed of light to be unity which has been restored later.
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where h = n,,,h*”. We can now make use of the underlying gauge symmetry and express the
perturbation term as
hyw = hyy + 0G4 0,C, - (3.36)

For notational simplicity, we now denote h*T as . To get rid of the redundant degrees of

freedom, one can finally choose the transverse-traceless gauge as
0,97 =0, =0, kgh’* =0 (3.37)

where a constant time-like vector kg is denoted by kg = 50 In this transverse-traceless
gauge the Einstein-Hilbert action in eq.(3.34) can be expressed as

Sen = — o / d*z 0,9,,0°57%. (3.38)
With the analytical form of the gravitational part of the action, we will now proceed to obtain
the action for the detector part of the system which consists of a two-particle system where
one of the particles is significantly more massive than the other one. One can consider the
particle with the higher mass to be on-shell. In the Fermi-normal coordinates the origin of
the coordinate system will move with the heavier-mass particle following a time-like geodesic
during the free-fall and the distance of the smaller-mass particle from the origin will represent
the geodesic separation. In the Fermi-normal coordinates z* can thus be replaced by & where
¢ denotes the coordinate separation between the two particles. From eq.(s)(3.30,3.32), it is
possible express the metric tensor as

goo(t,€) = —1 — Rigjo(t,0)°¢ 4+ 0(&%) (3.39)
i1, ) = —= Roult, 06 + 0(€) (3.40)
%Mtﬂzmm—%%m@ﬂwg+@@%- (3.41)

Now, one can write down the relativistic action for the particle with the smaller mass mg as

Sp = —my / dry/ —guug)“g)y (3.42)

with 9* = {t,&} denoting the coordinates of the particle with mass mg. In the above
equation for the action, the dot represents derivative with respect to the proper time 7. We
can now recast the above action in the following way

apr dy”
Sp = —mg I dr dr
A" dY” dt dt
__ 3.43
mo/dT\/ =gt "t dr dr (3.43)
2)“ dg)v

—= —mo



which confirms that the action Sp is reparametrization invariant. Substituting the analyti-
cal form of the metric tensor in the Fermi-normal coordinates from eq.(3.39,3.40,3.41), and
keeping terms up to second order in &, we arrive at the modified form of the action as

Sp ~ —my / dt (1 + %Riojo(t, 0)£igd — %@jgié) . (3.44)

We have already discussed that the Riemann curvature tensor remains invariant in the
transverse-traceless gauge which helps us to recast Ripjo(t,0) as Rjpjo(t,0) =~ —%Bij(t,()).
Using the analytical form of the curvature tensor in the transverse-traceless gauge and sub-
stituting it back in eq.(3.44), we can write down the analytical form of the detector part of
the action as

Sp ~ —my / dt (1 — }lijjk(t, 0)&iek — %@.k@gk) (3.45)

where it is important to note that the first term inside of the parenthesis does not contribute
towards the overall dynamics of the particle. It is important to note that the action remains
unchanged while going from Fermi normal coordinates to the transverse-traceless gauge. At
first the gravitational perturbation in the transverse-traceless gauge needs to be decomposed
into its individual Fourier modes and the mode decomposition reads [52-54]

Biy(t,7) = — > (k)™ e, (k) (3.46)

with qS(E) denoting the Fourier mode amplitude corresponding to the mode with frequency

20 (i € Z%) when the system is

quantized inside of a box of length L. Here, efj(l;) denotes the polarization tensor with
s = +, X giving the two distinct polarizations of the gravitational wave. The polarization
tensor satisfies the following conditions

= |k| and the wave vector k being denoted as k =

e, (F)el (k) = 6%, 67€, (k) = 0, and k¢, (k) =0 (3.47)

where the first relation gives the normalization condition, the second relation gives the trace-
lessness condition, and the final equation gives the transversality of the polarization tensor.
Substituting the discrete mode decomposition of the gravitational fluctuation from eq.(3.46)
in the gravitational part as well as the detector part of the action in eq.(s)(3.38,3.45), and
making use of the tracelessness, transversality, and normalization conditions for the polar-
ization tensor from eq.(3.47), one can write the full gauge fixed action combining both the
detector and gravitational wave part as [54]

S =Sgu + Sp
. . - o ) 3.48
= [ (@)~ ) + 5 [ (5,66 - zqs e | O
E,s
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where the effective mass m corresponding to the gravitational part is defined as m = %.

We consider the gravitational wave to propagate along the z axis with magnitude w = |E]
and as a result the zy plane denotes the polarization plane. One can now consider a single
mode of the gravitational wave and the polarization can be restricted to plus polarization
only where one can also consider the fluctuation of the physical separation between the two
masses to be zero in the y and z direction. The modified action for the detector-gravitational
wave system can then be expressed from eq.(3.48) as

m . m. . 2 .
Su = / dt (5 (@ —wie?) + 5 (&%) - gqﬁHfH) (3.49)
where &, = ¢ and ¢, (k.) = ¢. In the above equation g = % denotes the detector-field

coupling constant. In our model, we consider that the detector phase space operators obey
the generalized commutator in eq.(3.1) and then the action in eq.(3.49) takes the form

N :
85 = / dt (% (@ —wie?) + 5 (£9) - gng§G> . (3.50)
From the above equation, we can write down the Lagrangian for the model system as
m ,. m . 2 .
L= (@ —w'?) + 5 (€°) - aiéSe” . (3.51)

Using the above Lagrangian, one can obtain the conjugate momentum to the position cor-
responding to the gravitational part ¢ as well as the conjugate momentum to the position
corresponding to the detector part £% as
oL : (GG c_ OL G -G
p=—=mq—gl ¢ and T = —— =mpl — gg¢€" . 3.52
9q o (3:52)

From the Lagrangian for the model system in eq.(3.51) and the analytical forms of the
conjugate momentum in the above equation, we obtain the Hamiltonian for the model system

as
2 G2 G¢G 2ca2\ 1
1
H:(p_+7T +gp7r§><1_g£) + —mw?q® . (3.53)

2m  2my mmyg mmyg 2

To quantize the model system one needs to raise the position and corresponding conjugate
momentum variables to operator status. As here, we shall be using a path-integral quanti-
zation technique, we shall not explicitly use the operatorial notation. The position £ and
momenta 7% in the operator representation are expressed as fG and 7% which denotes the
GUP modified position and momentum operators. The GUP modified operators in terms of
the unmodified phase space operators are expressed as fG = fH and 7% = #(1 + BfrHQ) as
has also been discussed in eq.(3.4). Using the standard notation (instead of the operatorial
notation), we can express the Hamiltonian in eq.(3.53) using the expression for the GUP
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modified position and momentum operators corresponding to the detector in terms of the
standard canonically conjugate operators obeying the Heisenberg’s uncertainty relation up
to first order in the GUP parameter as

3
p +2m0+917):m§) +6< :;I:an) 1 2 9
H= T + MW (3.54)
mmg

In order to denote the model system, we shall be using the s in the superscript instead of
the H in the superscript. Hence, we shall be using {¢°, 7%} instead of {7, 7H}. With the
analytical form of the model Hamiltonian in hand, we are now in a position to obtain the
transition probability of the model system to go from an initial state to some final state.

3.2.2 The analytical form of the transition probability and the
Feynman-Vernon influence functional

At infinite past (t = —o00), it can be safely assumed that the detector state along with the
gravitational wave state forms a tensor product state. It can also be intuitively argued as even
before the interaction was switched on, the gravitational fluctuation (or field) was generated.
To truly give control over the model system, one can redefine the coupling constant g as
g — g(t) = 3(t)g, where the time-dependent switching function 8(t) is expressed as

0 t§—Aandt2T—i—A}

8(1) = 0<t<T

(3.55)
where A < T'. The switching function makes sure that the time-dependent coupling g(t) is
being switched on and off adiabatically. Consider that at some time ¢ = —A, the particle (or
the detector) is in a state |¢f) whereas the gravitational wave mode is in a state [¢8). It is
evident from eq.(3.55) that the interaction happens in the time interval ¢ € [0,T]. As a result,
at a later time t = T'+ A, the system can also be considered as a tensor product between the
final state of the detector and the state corresponding to the gravitational wave mode. One
can consider the final state of the detector at time ¢t = ¢+ A to be |¢%) and the gravitational
wave mode to be in the Harmonic oscillator state |##). Hence, for an interaction between the
gravitational fluctuations and the detector in the time interval 0 < ¢ < T’ one can write down
the transition probability for the system going from an initial state |18, ¢3) = [1)8) ® |¢F) to
the final state |##, ¢%) = |F8) @ |¢7) as
[#5—3] s | o |2
P =3 | 0T A —a) s )

|7¢)

(3.56)
=3 (W8, GIUNT + A, —D)|F5, 5)(F, 651U (T + A, L) |48, 6) .
|7%)
Inserting the completeness relation corresponding to the base kets of the detector and the

gravitational part at the initial and final times’, we can write down the above transition

"The eight completeness relations inserted are [ dailai)(a:| = 1, [daglar)(ar] = 1, [d€1€) (€] = 1, and
fd£}|f§v><f;| =1, and their primed counterparts.
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probability as

=3 [+ [ dgrigagadandadardi (v, 61166 €107 + A~ D)l &)

|7¢)

P[¢SH¢>S

X (dr, §|F5, O (FE, &5 lar, ) ap, SUT + A, —A)|gi, &) (g, S8, 65)
- / - / A€ €S e dauddidgsdd (8 4:) (B1E) o E10T (T + A, —A)ldy, £9)

< (E5]05)(D31E5) 0 (ar — dp)(ar, EIU(T + A, —A)|gs, &) (qilwB) (€165)
(3.57)

where in the last-line of the above equation, we have made use of the fact that the state
lg¢) is orthogonal to |Gs) () and the completeness of the final states of the gravitational wave
modes (or gravitons), considering that they create a complete set of eigenstates such that
> gy |FENFE = 1. Now using the representation of the overlap between base kets (or bras)
and the state bras (or kets) corresponding to the detector part as well as the graviton part,
we can recast the above expression for the transition probability in eq.(3.57) after executing
the ¢y integral as®

P = / dgiddidqyd€;dSSde;asivs (g Vs (4:)63(€) (€)e7 (§)65 (&)

X <dza ézS’UvT(T + A? —A)|Qf, é]sc><va f;’U(T + A> _A)‘qi: ’st> .

The important thing to note that, all of the final graviton states have been summed over as
after the graviton is absorbed and released by the detector, it is no longer important to look at
the final graviton state as we can only observe the change in the detector when the gravitons
get released. Obtaining the form of the transition probability now boils down to the calcula-
tion of the two propagators (¢;, §S|UT(T—|—A —A)lgy, ff) and (g, @]U(T—i—A —A)|g;,&). Ina

path integral representation, one can now express the propagator (gr, & f|U (T+A, —A)|g;, &)
as

(3.58)

(a7 10T + 8, -8 ) = [ 191212 @aly 1 owap of LAl thian)

(3.59)
where the Hamiltonian Hg(q, p, &, 7rs) is given in eq.(3.54) and has the analytical form

R G I
| et ymed (3.60)

mmo

i+

2m0

Hgs(q,p, &%) =

Executing the path integral over 7° in eq.(3.59), we can recast the propagator (gy, f}]U (T +
A? _A)|QZJ £§> as

T+A dt

_ m2‘s4 ~
(a5, EIU(T + A, —A)|gi, & /95 o 3 AR (€ 20mEET) 8 (7 AL~ A)|g) (3.61)

8Here the multiple integrals f f is replaced by a single integral f sign to avoid cluttering in the
expression for the transition probability.
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where <Qf’UéBs (T'+ A, —A)|g;) is defined as
(g |UE(T + A, =A)|g;) = / DqDp et 173" dlpi-tise ) (3.62)
with the analytical form of the modified Hamiltonian Hpge: (g, p) being given as

: Cp\2
(p+eee—3mmiéh)) | -
Sy + MW (3.63)
The important thing to observe is that the £ dependent terms after the execution of the
path integral over 7 in eq.(3. 59) has been absorbed in the path integral measure 2¢° and
one can write it as P& — DE as has been done in eq.(3.61) [54]. Similarly, we can write
down the other propagator <qz,§s|UT(T+ A, —A)lgy, ff) as

Hpges(q,p) =

img

‘oo . ~ o _img (THA (G2 g ofs
(G &N (T + A, —A)|gs. &) = / G o H I (107 (1 4 A, ~D)lgy)
(3.64)

We can now really simplify the form of the transition probability in eq.(3.58) by executing
the ‘q’ integrals. We start with simplifying the following integral

/ dgiddidgy V8(q:)VE (6){d, §1UTT + A, —=A)lay, &) ap, EUT + A, —A)|g;, &)
:/gfzgsgzgse e JI30 a6 67| —apmp [ & @Z)g|/dqz|q, qZ|U€T(T—|—A,—A)/dqf|qf)

g UL(T + A, ~A) / daas) (@2

img rT+A dt

Gesgse o I3 a[[¢° -6 -2mi (¢ ¢ ] (WEIUZ (T + A, —A)UL(T + A, =A)gE)

(3.65)
where in the last line of the above equation, we have made use of the completeness relation
for the |¢) states. Substituting the above analytical expression for the integral in eq.(3.65)

and substituting it back in eq.(3.58), we can write down the simplified analytical form of the
transition probability as

P = [dgagigagoe)or )67 ()07

IESNES A R e P P

-A é&,-A

(3.66)

where F qu [55, fs] denotes the Feynman-Vernon influence functional [89] which is given by
s s ot 3
Flo |€.&] = @alUZ (T + A, ~A)0L(T + A, —A)|ug) . (3.67)
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Inspecting the analytical form of the transition probability carefully, we find out that the
F fg [55, 55] term only captures the influence of the gravitons on the detector and as a result

it is termed as the influence functional. We shall now be explicitly analyzing the influence
functional in the next section.

3.3 The influence functional analysis

In this section, we shall be explicitly analyze the influence functional in eq.(3.67) and obtain
its explicit form for the gravitons being in different initial states. At first, it is evident that
one can separate the unitary time evolution operator as

UL(T + A, =A) = UL(T + A, T)UL(T, 0)UL(0, —A) (3.68)

The important thing to remember is that the switching here is an adiabatic one and one
needs to therefore work with instantaneous eigenstates of the Hamiltonian as soon as the
interaction starts. Now eigenstates corresponding to the Hamiltonian in eq.(3.63) can be
obtained by shifting the momentum p by p+g£3¢3(1—38m2¢%") for the eigenstate of a simple
harmonic oscillator with Hamiltonian Hy = % + %muﬂq?. As has also been discussed earlier
in [54], position operators generate shifts in the momentum space and as a result one can
write down the analytical forms of ﬁg(o, —A) and ﬁg (T'+A,T) as

A _dsoes s _38m is2 P

Ug (07 _A) —e #49& (0)€°(0) (1 38 %5 (0)> €_EHOA (369)
A i 4 AL ¢S =] —3Bm 252
LT + A,T) = ¢~ HHia phied (NEM (1-38mEe" D) (3.70)

Further defining the graviton state of the system as [(8) = e~ #/2[¢8) where [)8) denotes
the initial state of the graviton at ¢ = 0. The analytical form of the influence functional in
eq.(3.67) can be recast as

Fly €, €] =WaIUZ (T + A, ~2)02(T + A, - A)[ug)
= (|0 (0, =) UL (T, 0) U2 (T + A, T)UL(T + A, T)UL(T, 0)UL (0, —A)|55)
_ (]R8 OO (1=3m3E50) 17 (o ()~ haa (DE(T) (1-3mbe (1)
w &s )
o #96° (1)E (1) (1-38m3é" (1)) 02T, 0 Hi9E OO (1-38m3é” (0)) 18

(3.71)

The next step is to reduce the path integral of the geodesics separations from ¢ € [—A, T+ A]
tot € [0,T]. We start with considering the path integral

- & TH+A  img (TH+A 52 _9gm2ést
T, = / BN (i) (3.72)
5?77
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where & = £*(—A) and §3 = &(T+A). Total time interval is T+ A — (=A) = T'+2A. Here,
we break 7" in N intervals such that 7' = N At with At = ¢ denoting the small time segments
and we break A into n time intervals. The path integral in eq.(3.72) can be expressed in the
discrete form as

S /W(ﬁs)d&swn1"'d€?v+1d£?vd€?v1"'déid§8disl'“dﬁsn+1

Ntn-1 . o e\ 2 (3.73)
3 [(5’”2 sk) o (s sk) ”

k=—n

X exp

where 91(€°) is a function of £°. One can now recast the above integral as

NAn-1, & & 2 g 4
s s 5\ 765 s X 2mh0|: ShELTRE ) g2 ( TRl }
j£1 :/dgN/dfo/mg(g )dgN—&—n—l"'dgN_;,_l@ k=N ( ) ( )
N-—1 . §S 755. 2 Es 7{3 4
> zsﬂio |: % —28m2 W :|
/ml d&-N » dfs = 2k ( ) 0( )

Lo [ (G0 g (GG
X/ Mo(E)ET -, o | (o) oo (S2) |
(3.74)

where M(&%) = No(&)N1(£%)N2(E°). Taking the N,n — oo and the e — 0 limit, we can
rewrite the above equation as

e—0

N,n—o00
- [ / i [ [o€] gfmelé’i? I (& -2 (3.75)
< [[oe] ) (it JIESG

where £5(0) = & = & and &(T) = é’} = &Y. Similarly, it is possible to write down the second
path integral as

- 18 THA  im A '
T

/ s / dg; / 23 . s (¢ i) (3.76)
< [@ss]; oIS fwmof” [ [0€]50 st al@ i

&1
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where £(0) = & = & and £(T) = 5} = £5,. We now define two new wave functions as

5@ = [dgoe [ [oe] " o raolE s (377
56) = [agortey [ [oe] 7 ST ) gy
;

Making use of eq.(s)(3.75,3.76,3.77,3.78), it is possible to express the transition probability
in eq.(3.66) as
P[‘gf_m;?] _ dNSdN/stsd:s T Es\ Tt [ Ly As* ( Fs\ s (s
e = [ d&d§dg S (&) ¢ (€)9F (§7) 97 (E5)

" / [ggsﬁf [g;zésﬁf B I8 an [ 67 2pm3 et -] r [55’55} _

£,0 £.,0

(3.79)

The important thing to note is that Fgg [55, 55} = ng [ﬁs, 55} from eq.(3.71) where we have

just noted the fact that & and és vary in the range t € [0, T]. Instead of carrying the tilde
symbol, one can genuinely simplify the expression by dropping the tilde symbol and write
down the expression of the transition probability in a way simpler form as
P[¢f_>¢sj] _ d Sd /sd sd IS 1S( ¢S\ AS™ (ES\ 4S8* (¢S 4S (£s
e = [ d§d&d&Rdei ()07 (6)0F (§7)0%(E5)

« / [gjzgs] &7 [@fﬂ &.T = at[ [ ~&] ~26m3 [554_554“1?55 {58,55}

€.,0 &0

(3.80)

where we have redefined the initial state of the graviton |¢)8) at time ¢ = 0 by |1/2). Following
the arguments presented in [54], we can also claim that at time t = 0 and t = T, £5(t), &(t),

és(t), and és(t) all vanishes. We shall now again shift our focus back to the analytical form
of the influence functional in eq.(3.71) as

73, [60.6] =(ug)eh e () g gy T o or o~ h06547 (10008 ) -t
& w &
s ehHoT i (199086} ) 4 o7 30T (7, )¢ e (-9

i s feds _ 22\ . i ‘s 3 22
:(wi‘eﬁqgfiﬁi(l 3BmEs >U;§;(T, 0)e hqlp(T)ggfgf(l 3/3m3€f)

i S ¢s 52\ A i as¢SES is2
5 egQIP(T)Qﬁfff (1*35m(2)§f )Uél;s (T7 0)€’ﬁq95igi (1*35’"8@ ) |¢5>

(3.81)
where gip(T') = e%ﬁoche’%HoT denotes the graviton position operator in the interaction pic-
ture and U élg (T,0) denotes the unitary time evolution operator in the interaction picture
(IP). The unitary time evolution operator in the interaction picture U ég (T,0) is expressed

in terms of the unitary time evolution operator Ufs (T,0) as

U.(T,0) = et BTUL(T, 0) (3.82)
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where Ug(T, 0) has the analytical expression U B (T,0)=e i with the analytical form
of the interaction part of the Hamiltonian bemg given as’ (upto O(f3))

Qe | ¢ 3miepee  30migiee

m 2m m m

it ~ (3.83)

In the next subsection, we shall investigate the unitary time evolution operator in details.

3.3.1 Unitary time evolution operator

We start with the simple analytical form of the unitary time evolution operator in the inter-

action picture as

OI.(T,0) = ei 0T i 56T (3.84)

Now, consider a state |1) g in the Heisenberg picture. In the Schrodinger picture the state
ZHBEbt

at time ¢ is expressed as |¢ges(t)) = €~ ). In the interaction picture, we can express

the state as .
(Ve (1)) = €7 [pe (£)) - (3.85)

Operating with the ih2 5; in the above equation, we obtain

t

SO 0 g
e =it (e (1))

L T i Ty a 2
= —Hoer ™o |yhges (1)) + ihen™' = (eiﬁH&St

wH) (3.86)
- —Ho!%gs( ) + e%HOtPA[Bgse_hH tenHot o= 7 Hpest Yy

= et (Hae — Hy ) e H00 g2, (1)

We already know from the Hamiltonian in eq.(3.63) that H Bes = Ho+ H B%ts and we can further
simplify the above equation as

w0

oD () k) (357)

P
where <H,13réts> denotes the interaction Hamiltonian in the interaction picture. It is also

possible to write down the state [ (t)) as [¢5(t)) = Uﬁgs (t,0)[1) g with |¢0) i being time-
independent. It is then possible to simplify eq.(3.87) as

Zh@UBSS( 0) <

1P
o L) ORE(2,0) (3.88)

9Tt is possible to divide the Hamiltonian operator H ges from eq.(3.63) in a base harmonic oscillator part
Hy and an interaction part ang
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To obtain an analytical solution of the unitary time evolution operator, we need to integrate
the above equation, after which we obtain

2 Z 11’1 P

where we have made use of the fact that U 655(0’ 0) = 1. Using an iterative procedure and
substituting the expression for the unitary time evolution operator from the above equation
inside of the integrand in the right hand side of the above equation and continuing this
procedure, we arrive at the following expression for the unitary time evolution operator

1

. 2 ¢
~ 7 in P in 1P in P
Uﬁgb(t7 0) =1- ﬁ / dt’ Hﬂgs ( ) + <_ﬁ> / dt Hﬁgts ( ) /0 dt”[{ﬂ;5 ( ) + ..

_i—%/o dt' 58" () + —(——) /dt/dt” B;JP( NHEL (¢ )]+....

(3.90)

Combining all the higher order terms and setting ¢ = T, we can obtain the analytical form
of the unitary time evolution operator as

OI(T,0) = T [e=3 0 e <t>] . (3.91)

The time ordered expression in the right hand side of the above equation can be further
simplified. We now again move to discrete limits where we divide the time interval T" into N
equal time segments of value € such that txy = Ne =T and ty = 0. In this discrete limit, it
is possible to recast the right hand side of the above equation as

; P
T [e—%fo e <t>]

e—0
N—o0
P
— lim [6—4{53% (tn) — RS () | o~ HES (to)]

At—0
N—o0

lim [6_%ﬁ}3]2tslp(t0) s ) L i mﬂ
(3.92)
= lim

At—0

P 1P 1P 1P
{6 ZEtH;;‘;b (tn) | —LEHE%% (t2)€*LE [angts (t1)+H g (to)] [Hb“gts (t1), H s (to)]
N—o0

where in the last line of the above equation we have made use of the Baker-Campbell-
Hausdorff formula and the commutator brackets just result in numbers. Via repeated appli-
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cation of the Baker-Campbell-Hausdorff formula, we arrive at the result as

T [e—% Jy atiis" @ )}

~ Jim [e e [ eyt - AT 00)] gy ([T ) BT o)+ [RST o) T 00)] )

At—0

N—o00
o o mr ([ o) AT o)+ -+ [ARET (o) HBET (t0)] )+ — 5 [AST (1), Hig (to)]:|

c N
IP IP P

= lim exp [_E HEL () -5 222[}1}% t), i (U)}] .

N—o0 j=0 k=1 j<k

(3.93)

In the continuum limits, we can then express the unitary time evolution operator in eq.(3.91)
as

. eT
t 1’ IP 1n’ 1’
U (T,0) = exp [—ﬁ /O dt' Hg (t / dt’ / dt” Hﬁgs )Hﬁ;s (t”)]] . (3.94)

Using the analytical form of the interaction Hamiltonian in eq.(3.83) and a tedious amount
of analytical calculations and simplifications, we arrive at the final form of the unitary time
evolution operator from eq.(3.94) as

UIE(T,0) = exp [ B iw(De 1 3ﬁm3fs‘§cﬂ exp [;; / L qlp<t>z<t>}
<o | Baw 06 [1 -39 | ow |- & [ it [tz 07 @) w0000
(3.95)
where gip(0) = ¢ and Z(¢) is defined by the expression
() = 2 (1) - 39miy (1) 3.96)
with Z(t) and % (t) being defined as

d2

2(0)= 2 () amd ()= 2 (s 0e (ss"’@)) | (3.97)

In eq.(3.95), ¢ip(T") denotes the graviton position operator in the interaction picture. In terms
of the graviton phase space operators {§, p}, we can write down the creation and annihilation
operators corresponding to the graviton states as

a7 Y = [T (-
a 5% (q—i—mwp) and a 5% (q mwp) ) (3.98)

41



One can then write down the position operator for the graviton in the interaction picture as

i 7 i 7 h ; L
Gip(t) = el gemntloT — 5 (ae~ ™" +ale™) . (3.99)
mw

We can now obtain the analytical form of the commutator bracket [Gip(t), Gip(t')] as

[Gip(t), gip ()] = Q:M (exp [—w(t — t')] — exp [iw(t — t')]) (3.100)

which indeed is a number.

3.3.2 Graviton coherent state and the influence functional func-
tional analysis

We are now in a position to write down the final analytical form of the Feynman-Vernon influ-

ence functional using the analytical form of the unitary time-evolution operator in eq.(3.95).

Taking the analytical form of the unitary time evolution operator from eq.(3.95) and substi-

tuting it back in the expression for the Feynman-Vernon influence functional from eq.(3.81),
we can arrive at a very beautiful expression for the influence functional as

’ A N ‘BB [es s
FA e, €] = (le™” @ 7o ys)e o e (3.101)

where 7° and i@gg €5, €] are defined as

T

s dt e U F(t) — F (1)), (3.102)

v 8hmw Jo
, 2 T t , A , / A I

iq)gi £, = — Sﬁgrnw /0 dt/o dt’ (:Z’(t) _ .iZ”(t)) <:Ze(t/)6—zw(t—t) _ z(t/)ezw(t_t ))
(3.103)

with Z (t) and Z (t)being defined as Z (t) = X (t) —38m2¥% (t) and Z(t) = L (t) —38m2Y (t).
Here, 2 (t), Z(t), ¥(t), and ¥ (t) are defined as

2(t)= 5 () ma g =4 (é 0 e (g%))) | (3.104)
Z(t) = 5_; (g (t)) and ¥ (1) = % (g (t)% (582(t))> . (3.105)

In order to obtain the analytical form of the influence functional, we start by considering
the single-mode gravitational wave state or the graviton state to be a coherent state. Now a
coherent state denotes the minimal uncertainty state and as a result most closely resembles
a classical scenario. For the single mode of the gravitational wave (graviton) carrying an
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energy hw, we can write down the harmonic oscillator state as [18) = |ag). The coherent
state |a8) is defined as
alof) = aflag) , (afla’ = (aglag . (3.106)

It is now possible to consider a classical gravitational wave mode given as

qa(t) = £5 cos(wt + ¢8) (3.107)

where £2 gives the gravitational wave amplitude and ¢# introduces an additional time inde-
pendent phase factor. One can now obtain the analytical form of a® as

g [T eiay U ey [T e 2 108
af o (bl d+ ——plaf) o Lo exp[—idf] . (3.108)

For the gravitons being in an initial coherent state, it is possible to write down the Feynman-
Vernon influence functional in eq.(3.101) as

AN

= FL[6, 6

. . - 58 s £s
7*at e%a‘aE))ezq)Oi [£°,6°] (3109)

PE=al
= (afle”

— PR, €] = Fyler e o 7

where the single-mode vacuum influence functional is defined as
F 1€, &) = exp [i<1>§5 £, 55]} . (3.110)

Using the analytical expressions of 7” from eq.(3.102) and a8 from eq.(3.108), we can recast
the form of the influence functional in eq.(3.110) as

i8fE

o7 /0 dtcos(wt—i—qﬁi)(i"(t)—i"’(t))]. (3.111)

FA [, 6] = Fi I &] exp [

Substituting the above form of the influence functional in the transition probability obtained
in eq.(3.80), we arrive at the transition probability for the detector going from its initial state
|p?) to its final state |¢§0), while the graviton initially is in a coherent state, as

é.1

€0

P _

7 = [ agdgagagonerar @of @0 [ (92 [9€]]) R €]

o [1 [ ar[ 20 (60— &) —2pmi (¢ - 1)) + Ll eost + 62170 — 1)
(3.112)

where in the above form of the transition probability only a single mode of the gravitational
wave has been considered. It is now possible to extend this analysis to all possible modes
which will imitate the existence and interaction of a gravitational field with the detector.
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Considering all possible modes, one can now write down the expression for the state of the
gravitational field as

Vi) (3113)

which is tensor products of individual graviton states corresponding to individual mode
frequencies. Now the complete Feynman-Vernon influence functional for the gravitational
field can be represented as a product of individual Feynman-Vernon influence functional for
each gravitational field modes and this is possible because the total state of the gravitational
field is a tensor product of single-mode graviton states as can also be seen from eq.(3.113).
It is now possible to write down the influence functional corresponding to the gravitational
field state |U¢) as

Va) =®
k

F\IBIG [587 és] = H Fji(k) [gsv és]
k

=11 [Wﬁ(k)\eﬁ*ﬁewwikﬁ eXP [Z@gg &% és]“

" w(k)

—7*at 7a . s s
= [T ule™ e 0l ) | exp [Z@%k) €°,¢ ]]
k k

= Fgc[fs’és] - H<wi(k)|67%*ﬂ€%&’wi(k)> Foﬁg[fsaés]
k

(3.114)

where, corresponding to the gravitational field part, the form of the vacuum influence func-
tional reads

Fiie. €1 = [036.61] = o | D s0f ) 13
k
where the i@ge €5, €] is defined as
w61 = i) [e.6). 3110
K

Using the analytical form of the influence phase term iq)’gg €5, 55] from eq.(3.103), we can
w(k)

obtain the analytical expression for the total phase term in the left hand side of the above
equation as

i90, (€, €7]

T t
S / dt / at' |2 (1) — F(0)] [Z(¢)e W) - F ()00
— 8hmw(k) Jo 0

2 3 T t
myG 2m 1 / / / ; N —iw(k)[t—t] 2 iw(K)[t—t']
=2 — ] — dt | dt'|Z(t)—ZF )| |Z(t —Z(t
167r2hk<L) wk) o s [ (t) ()H (F)e (t)e }

(3.117)
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where in the last line of the above equation, we have substituted the analytical forms of the

coupling constant g and the effective mass m. Up to the above equation, we have considered

discrete mode sums over the wave vector k = k and we can now come to the continuous

picture by implementing the substitution (27“)3 — [ d*w. In the continuum limit, we can
K

recast eq.(3.117) as

z(IDﬁ €5, fs = wdw dt

" coslut — 1) [z - 20| |Z) - @)

zth / i / it / at sinfuo(t — )] [2() - £0)] [Z(1) + £(0)]
(3.118)

In the above equation, we obtain the phase factor corresponding to the vacuum influence
functional for a gravitational field. The important thing to observe is that the frequency
integrals are indeed divergent. This can be solved by giving a cut-off frequency to the
frequency integrals such that the integrals get regularized. From the last line of eq.(3.118),
it is possible to write down the frequency integral via using the integral representation of the
Dirac-Delta function as

/00 dw wsinfw(t — )] = —md(t —t) (3.119)

where the §(t —t') = d(%t,)é(t —t"). Using eq.(3.119), we can simplify the second integral in
the expression for the phase term in eq.(3.117) as

/ " wdu / Car / "t sinlut — 1] EZOREACINEAGREAG]
- / i / ati(e— ) [Z(t) ~ Z(0) [2() + Z()]
2 [alzo- zu)} [0+ 20)] <7 [ as0)[2%0 - 220

- 5(Z2(0) - £2(0))

(3.120)

where we have made use of the identity, fot dt's(t — ') f(t") = f(t)O(0) to arrive at the last

line of the above equation. After eq.(3.80), we have made the assumption that (1), £(1),

£(t), and 55( ) all vanishes at ¢ = 0 and ¢ = T. This implies that Z(0) = Z(0) = 0 which
results in the vanishing of the final term in the last line of eq.(3.120). The second term

m fOT dt §(0) [35 ) - F 2(t)} in the above equation resembles the difference of two actions

and as has been argued in [54], it is also possible to add a suitable counter-term in the point-
particle action in our analysis to get rid of the second term as well. It is important to notice
that throughout the calculation, some higher order terms in the GUP parameter 5 has been
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kept to write all the results in a more elegant form, however, one can also drop the higher
order terms. In any case, while obtaining the standard deviation in the geodesic separation,
we shall drop any higher order contributions resulting in the same result. In the expression
for the total influence phase term from eq.(3.118), we shall now look at the first term and
recast it in the following way

2
mgG

- 47Th /OO dww/Tdt/t dt' cosw(t — t')] [:Z"(t) —i(t)} [SZ"(t’) —?(t’)]

dt’ coslw(t — t')] [2"(15) 2"(15)} [z(t’) —f(t’)}

/ dt / a {MG / dwwcos[w(t—t’)]] [zt - 0] [z0) - £0)
(3.121)

dt

dww

87Tﬁ

327i2

where in the second line of the above equation, we have made use of the symmetry of the
cosine function. We now defined the term inside of the parenthesis (involving the frequency
integral) as a new function and write it as

UV
do(t —t') = — dw wcos|w(t —t')] . (3.122)
™ Jo
Surely the function &/, (t —t') is divergent and one can impose a cut-off frequency as a grav-
itational wave detector is not sensitive to very high frequencies. Again the entire formalism
also does not hold above frequencies beyond the Planck regime which enables one to put a

hard cut-off frequency. Implementing the cut-off frequency, one can rewrite o/y(t — t') as

ARt 1) = ? dw wcos|w(t — 1)) (3.123)

0
with wpax introducing the hard cut-off frequency. The autocorrelation function ﬂg(t —t)
obeys the identity, fOT drdB(t—7)aB " (r—t') = 6(t—t'). With the implementation of the cut-
off frequency, the integral in eq.(3.121) is now non-divergent and with the implementation of
the Feynman-Vernon trick (which is a disguised reverse version of the Gaussian integration),
we can express the exponential term with the exponent being the expression in eq.(3.121) as

exp {— 37;‘22 /O " /O et ) [z~ 2] [z - 2"’(75’)H

myo

:/giz/;/o exp [_%/OTdt/ont’ﬂ(?1(t,t’)/t/0(t)./V0(t)+ E/Tdt Ho(t) [Z’(t) —f(t)]]
(3.124)

where the additional coefficients have been absorbed in the path integral measure ./, and
expressed as 2/4. We now need to properly interpret the newly invoked function 4(t) in
eq.(3.124). One can now define the average of J;(t) as [54]

1) = / D yexp| - % /0 : /0 Tdt/dt".;zfg1(15’,t”)%(t’)%(t”)]%(t) —0.  (3.125)
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Using the above definition, one can obtain the two point correlator as

< /@/l/()exp N _/ / dt”dtmﬂo_ (t// t”/)./V (t )/V( ///) /!/()( )-/Vo(t,)

= ARt 1) .
(3.126)

The important thing to note is that the two-point correlator of /;(t) has a non-zero value
whereas the one-point correlator vanishes giving 4(t) the interpretation of a stochastic
function. This stochastic function generates solely due to the consideration of gravitons
and their interaction with the particle in the detector-graviton model system and hence the
auxiliary function /(t) (having a Gaussian probability density) can be considered as a noise
term which are directly related to the graviton induced quantum gravitational fluctuations.
Making use of the surviving terms in eq.(3.120) and using eq.(3.124), one can write down the
full vacuum influence functional corresponding to the gravitational field as

Fo [6,€]
_ / SM exp [—% /O " /0 Tdt'ﬂ(?l(t,t')%(z)%(t'H% /0 "t (0 =) —:;f(t)]]

X exp {—i”;iG / " [Z’(t) - :zf(t)} [2"(75) +9}(t)H .

0

(3.127)

With the form of the vacuum influence functional in hand, we need the analytical form of the

term inside of the parenthesis in the right hand side of eq.(3.114). Considering each of the
gravitational wave modes to be in a coherent state, we can simplify [ [(/ 4, e~ 7" T a8 )
Kk

as

—7*at 7a g
H(ai(k)|e 7ral” |ai(k)> = exp [Z(—% al +Woz§)]

—exp |50 [ i) [200) - 200 - 3tz 0) - 7))
(3.128)
where §(t) is defined as
Z COS (wt+ @) . (3.129)

Multiplying eq.(3.127) with eq.(3.128), we arrive at the total influence functional F\IB,G €5, fs]
and using that, we can write down the transition probability for the detector to go from its
initial state to the final state where the gravitational field is initially in the state |Uq) (where

47



all of its individual field-modes are in coherent states) as

P = [ dgragagagioneor €)o7 &) [ Dty eIl e e

/ [ggs] T [ggs}' T T (6767 2pmi 6! | [z (- (0] [ M50 _meC [F () Z )] |
(3.130)

With the analytical form of the transition probability in hand, we are now in a position to
make use of the saddle-point approximation which shall give us the quantum gravity modified
geodesic deviation equation in the generalized uncertainty principle framework. The reason
behind the implementation of the saddle-point approximation lies in the fact that the path
integrals over £° and és will have dominant contributions from the saddle-points corresponding
to eq.(3.130). After a tedious amount of simplifications, we can finally obtain two coupled
differential equations given by

01— 126m3) = 5 [(B0) + A1~ 98m3E) —moG (F — 35miF — 9pmEe” T

—~9Bmie (4 — &”))} +38mE(E" + 3CE) [B() + (1) — meGL| &
+ MG g (@8 1 2eE)E =0

(3.131)

and the counterpart equation with £5(¢) replaced by €(¢) and vice versa. Using the argu-
ments in [54], one can further simplify the above stochastic Langevin-like geodesic deviation
equation by setting &% = és which gives & = Z and Y = ?10. Making use of the above sim-
plification along with an appropriate dimensional reconstruction, we arrive at the simplified
Langevin-like stochastic geodesic deviation equation as

L1 ) meG & , 2\ L 3Bm3G At (d (e e\] s
¢ —5{(b(t)+ﬂo(t)—7%(f >) (1+38mie”) + =5 (dt (¢)¢ )]&

+3m3 (& +36¢¢) [fi(t) + ity - oG L (f)] 0

(3.132)

The above equation is one of the main results in our analysis. Our next aim is to obtain
the Langevin-like stochastic differential equation when the individual graviton states are in
squeezed states.

’

10As suggested in [54], we can also define two new variables & = £ and AE =€ — ¢, and keep terms up

to O(AE).
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3.3.3 Graviton squeezed state and the stochastic geodesic devia-
tion equation

One perspective is evident that even if one calculates the standard deviation in the geodesic
separation, the quantum gravity induced effect would be very small as we are working in the
low-energy limit. One of the ways to enhance such signals is to incorporate squeezing in the
picture via considering squeezed graviton states [52-56]. We start by considering that the
initial single-mode state of the gravitational wave is in a squeezed state |1)30) = S(x,,)|08)
where the analytical form of the squeezing operator in terms of graviton raising and lowering
operators is given as S(x,) = 2 (#50%—x20a™) with . being given as x, = r.e¥~. Here, 1,
denotes the squeezing parameter and ¢, denotes the squeezing angle. One can now make
use of the following identities involving the squeezing operator

ST(x,)aS(x2,) = cosht,a — e+ sinhra' | (3.133)
St(x,)atS(x2,) = coshr,al — e™« sinhr,a (3.134)

to obtain the analytical form of the influence functional for a single gravitational wave mode
when the graviton is initially in a squeezed vacuum state. The single mode influence func-
tional then reads

1 6, ] =g [e, €] (818 e e 72 x) 08)

—F}, [e, €] o] (3.135)

_Fﬁ -gs f’s- 6—%|‘7|2(cosh21:“,—1)—%(%26“”“’4-‘7*26*“"“1)sinh2rw
=Fe ,

where the influence phase icbgw (&8, {S] can be expressed as

g2
16Amw
B 16§mw /0 dt /0 dt’ coslw(t — t)][Z (t) — £ Z (') — F ()] (cosh 2x,, — 1).
(3.136)

i07 €%, €] =

/0 dt /O 4 coslw(t + 1) — ]| Z () — FOZ () — F()] sinh 2x,,

The graviton squeezing parameter however can be considered to be independent of the grav-
itational mode frequency. In general squeezed graviton state can come via primordial gravi-
tational waves which were generated during the inflationary period [55]. As a result, it is not
quite required that the squeezing will depend on the mode frequency rather we can consider
t, — t [b4]. Again summing over all mode frequencies (similar to the coherent state case),
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we obtain the analytical form of the total influence phase factor i®2[¢, ¢'] as
17l €]
2 o] T T
_ Tgog(cosh 2 — 1) / e / dt / 4t cos(w(t — ) (Z(t) — FO)FE) — F(t)
m 0 0 0

+ 7;35 sinh 2z /OOO wdw / di /0 dt’ cos(w(t + 1) — g, )(Z(t) - EWNZ(H) - Z (1)) .
(3.137)

With the form of the influence phase obtained in the above equation, we shall now write
down the analytical form of the total influence functional as

FIE.¢]
—F 16, €] exp 10206, €]

= exp {—7505 cosh 2t / " / dt / dt’' cos(w(t —t")WZ () — ZW)NZE ) — Z(t'))

420 s1nh2r/ wdw/ dt/ 0t cos(w(t + ) — o) (Z(t) — FO)FE) — F(E)

miG
8mh

xexp[ " aHE () - FO)NEW) + F >>].

(3.138)

The above expression for the influence functional needs to be examined carefully. We start
with the first term in the influence phase obtained in eq.(3.137). We observe that the first
term in eq.(3.137) has a t — ' symmetry or a time-translational symmetry indicating a static
term. However, the second term in eq.(3.137) breaks this symmetry leading to a non-static
term. We shall therefore be more focussed on the static part of the influence functional in
eq.(3.138). It is therefore required to define a static and a non-static auxiliary function, the
analytical forms of which are given by

4 Wmax
At —t) = ARG cosh 21:/ dww cos(w(t —t')) (3.139)
@ 0
NSy L ARG e :
A7 (t+t") = ——sinh 2¢ dww cos(w(t +t") — ¢,) (3.140)
T 0

where S. and N.S. in the superscripts of the autocorrelation function of(¢,t) denote the
static and the non-static contributions. Omne important thing to notice is that we have
already implemented the cut-off frequency wpnax to avoid divergences of the autocorrelation
functions.

Making use of the Feynman-Vernon trick, it is now possible to obtain two new noise terms,
NS corresponding to the static autocorrelation function and AN corresponding to the
non-static autocorrelation function. Compared to the coherent case, we can make simple
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identification between the static noise term and J;(t) as A (t) = v/cosh 2r4y(t). Similarly
the o5 (t—t') is related to & (t—t') by o5 (t—t') = cosh 2R (t—t'). With the identification
A5 (t —t') = cosh 2refy(t — ') and setting ¢, = 0, we can now obtain the analytical form of
the transition probability (up to some constant factor) as

(¢3¢

Py _ /dﬁfdéfdf}dé}¢j(§j)¢j* (ff)gbjc* (5;)¢}(€’;) /@% 6—%fOTdtf0T dt’ﬂ(l,)‘_l(t—t/)/i/o(t)/ifo(t’)

y /gjz/,/N.s. e;fOTdtfont’(dN»S-(Ht'))IJVN-S(t)/VN-S-(t’)/ [@55} T [gés}g?”r
<0

£.0
y e% S at [ [5'52 —552] —28m2 [5'54 _5’54] +3 (Veosh 20y ()+4NS (0) [Z (H)-Z (1) - 95 [2 (1) -Z (¢) [i(t)+:i°(t)“

(3.141)

From the analytical form of the above transition probability, we can again implement the
saddle-point approximation, and setting £° = &£°, we arrive at the stochastic Langevin-like
geodesic deviation equation as

f & s e G d°¢* 2] | 3BmiG d' | de .

£ — B} [[/VNS (t) + Vcosh 2eHy(t) — mco5 0 [1 + 38ma¢ ] + ZZO g Wf ]]
L N N Gd* /.

+38m2 (gs + 3555858) [/VN'S'(t) + Vcosh 2v4j () — _%@ (58 )} —0.

(3.142)

This is one of the most important results in our analysis. Our next aim is to solve eq.(3.132)
and eq.(3.142) analytically and from there obtain the uncertainties in the measurement of
the geodesic separation for the two cases.

3.4 Quantum gravitational “Memory” effect?

We have already obtained the Langevin-like stochastic differential equations involving the
geodesic separation (or the detector arm length) for the gravitons initially being in a coher-
ent state and squeezed vacuum states. The most important observation one can make from
eq.(s)(3.132) and eq.(3.142) are that the geodesic deviation equations have contributions from
terms involving GUP effects as well as the gravitational noise. If all other contributions are
dropped then the geodesic deviation equation in eq.(3.132) reduces to &(t) — 1H)E®) =0
which is the classical geodesic deviation equation due to small gravitational fluctuations where
the §(¢)€5(t) denotes the tidal acceleration. The higher order terms involving the fifth and
fourth order derivative indicate towards terms due to gravitational radiation reaction [91-94].
The gravitational radiation reaction terms are significantly smaller compared to the other
terms and can be neglected in this analysis considering that the geodesic separation is mea-
sured using coarse-graining techniques which renders the higher derivatives to be negligible.
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From eq.(3.132), we can write down the simplified equation that we shall be solving as

& — 5 [(50)+ o) (1+38m3e") ] €+ 30m3 (&° +36€8) [b(r) + Ao(n)] =0
(3.143)

The above equation now can be solved using an iterative procedure. We start by considering
the base part of the equation as és(t) = 0. A straightforward solution of the above equation
reads £5(0) = €54 )%. In principle A* has the dimension of the velocity and can have maximum
value A] . = c. In the process of a graviton being absorbed and released, one can have the
maximum value of ¢ to be t.« = %0 The reason behind this consideration lies in the fact
that the gravitational wave passes at the speed of light. The leading order quantum gravity
correction is achieved by considering up to O(§, #;). In order to incorporate the effect of the
generalized uncertainty principle infused in the detector part, we also need to consider up to
O(p,8Y, BAN;). Continuing the iterative procedure and keeping terms up to 0(3, 39, B44),

we arrive at the approximate analytical expression for the geodesic separation as

0) 2165+ 1] |1+ 3 [1+ 35030 o) + 40| — 11+ 08mdx) [ (6(0) + 430,
(3.144)

The higher limit of integration in the above expression has a cut-off at ¢t = % We are now in
a position to calculate the standard deviation in the measurement of the geodesic deviation
€®)(t). The standard deviation is obtained by calculating o(t) = \/<(§S(t) - (£S>)2> where it

is possible to separate the standard deviation term as 0°(t) = o§(t) + o3(t). The standard
deviation without any GUP correction is equal to

o5(t) ~ V2rlp ~ 107 m . (3.145)

which is same as the result obtained in [53,54]. One important thing to note that the
linear time dependent contribution in €% (¢) contributes towards the calculation of the o3(t)
part. One can, however, drop the linear contribution from the standard deviation expression
which results in continuous stacking up of the standard deviation which is a standard result
while considering calculation of gravitational memory effect and does not truly imply any
quantum gravitational effects. In order to truly extract the quantum gravitational behaviour
one needs to get rid of the overall linear contribution which results in the expression for the

. . L o3 (t)
dimensionless standard deviation part Tomi A8

U%(t) -~ 9 9 2¢; sin” [72_?} 4 | 2met 2mct
\/2_—:3ﬁmoc 1— 20t + 5 |7 — Ci +1In
mlp) [1 + g—t] mee 2 [1 + éc_t} o o
0 0

(3.146)
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where Ci is the cosine integral function [95] and ~. is the Euler constant. The total dimen-
sionless standard deviation then reads

mct

c2
S(t 2¢5 S [—] 4 2met 2met
U<S):1+3Bm302 1— £ 250 X Q{VE—Ci{WC}-Fln{WcH
a9 [14—%} mect 2 [1+%] o o

(3.147)

In case of squeezed graviton states one can obtain the analytical expression for the standard
deviation as

054 (t) = Vcosh 2ro®(t) (3.148)

which in shall indicate that the correction in the standard deviation due the GUP correction
will also get enhanced by the squeezing parameter.

3.4.1 Bound on the GUP parameter and important phenomeno-
logical aspects

The signatures of any quantum nature of gravity need to be detected using gravitational
wave detectors. As a result for correct theoretical estimations, we shall use the parameters
from the existing or proposed gravitational wave observatories. The currently operating
observatories like LIGO or VIRGO are all L shaped. The arm length of LIGO is { = 4
km whereas VIRGO has a arm length of {§ = 3 km. The arm is a large Fabry-Perot
cavity where at the both ends there are suspended mirrors. The mirror coating consists of
fused Silica, SiO,. where the mass of a single molecule of Silica is mgio, = 107 kg. This
SiOy layer is also known as the low-index layer. The high-index layer is made of Tantalum
pentoxide and the mass of a single molecule of TayO5 is MTa,0, = 10724 kg [96]. We can
now substitute the mass of the heavier molecule which is m.,0, = 1072* kg to obtain a
bound on the dimensionless GUP parameter 3. From the expression for the dimensionless

e oS(l) e . o5 (t)
standard deviation onle I eq.(3.147), it is evident that the leading order term \/207lp1 must be

greater than the subleading corrections coming due to the consideration of the generalized
uncertainty principle framework. Hence, we obtain the inequality pSm2c? < 1 where the
maximum value of p is of the order of 10. Using mg = mra,0,, we obtain the value of Sm3c?
to be of the order of 10733, It is then possible to write down an inequality involving the
dimensionless GUP parameter as 3y < 103!. The bound obtained on the GUP parameter in
this case is weaker than the bound obtained in [84] where the authors have used resonant bar
detectors interacting with gravitational waves to estimate the bound on the dimensionless
GUP parameter. However, the bound obtained in this current analysis is stronger than the
case of [97] where the bound was estimated using real observational data. With the maximum
value of the dimensionless GUP parameter, we can now proceed towards analyzing the time-

dependence of the dimensionless standard deviation \;%21 As has been already observed in

[53,54], 00(t) = v/27lp; ~ 1073 m which is way beyond the current detectability range. It was
however argued in [53,54] that if the gravitons are in a thermal or a squeezed vacuum state, the
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Figure 3.2: The dimensionless standard deviation is plotted against time where the standard
deviation without any [ correction is considered to be the reference line. The maximum
frequency of the incoming gravitational wave is set to w™* ~ 1 Hz. The small inset image
indicates the long-term behaviour of the GUP modified standard deviation where one observe

a residual standard deviation which asymptotes towards % with increasing value of ¢.

standard deviation can be enhanced. The most significant enhancement was observed in case
of squeezed states where og, (t) = v cosh2rog(t). This indicates that if the squeezing from
the initial graviton states are very high, in such a scenario the quantum gravity signatures
may be detectable. Such highly squeezed states can occur during the inflation and post-
inflationary periods of the cosmos [98-100] especially in primordial gravitational waves. As
primordial gravitational waves have frequencies in the range 0.0001 — 10 Hz, they lie way
beyond the current detectability range of the existing gravitational wave detectors. In order
to investigate relic gravitational waves in such low frequency ranges, two new space based
gravity wave detectors LISA (Laser Interferometer Space Antenna) and DECIGO (Decihertz
Interferometer Gravitational Wave Observatory) have been proposed and is targeted to be
operational in a matter of five to ten years. In case of primordial gravitational waves, the
squeezing parameter v can be as high as r ~ 50 — 58. With a squeezing r ~ 58, the
enhancing factor vcosh2r ~ Iexp[t] ~ 10 [55]. In such a scenario ogq ~ 107" m= 10
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picometer which will lie in the projected LISA sensitivity range (1072 m [101]) . For
the GUP correction to the standard deviation, we shall be using values from the projected
parameters of LISA observatory where the geodesic separation is of the order of & ~ 105 km
and the maximum frequency is of the order of wyax ~ 1 Hz [54]. Using By ~ 103!, one
can obtain ¢%(t) ~ 107" m at the time ¢ = tna = 10/3 sec. For squeezed graviton state

03, (t) ~ Vcosh ¢ " and for t ~ 56, 03q., (1) ~ 107" m which lies an order beyond the

proposed LISA sensitivity range [101]. With a squeezing of r ~ 58, the correction in the

standard deviation due to the generalized uncertainty principle lies in the LISA sensitivity
. 98q5() . . .
range'?. One can find out the ratio —s— ~ 102, Hence, for gravitons with high enough
Sq

squeezing, the fluctuations due GUP effect can be observed. In order to truly investigate the
behaviour of the GUP part of the standard deviation, we plot the dimensionless standard

deviation \;;?1 against the interaction time ¢ in Fig.(3.2). As a base line, we have used the
P

time-independent standard deviation of which refers to the \/215)1131 line in Fig.(3.2). To truly

os(t) _ ootopt
Verlpr — V2mlp
G3(t) = o3(t) —03(0). From Fig.(3.2), it is evident that the standard deviation in presence of

the generalized uncertainty principle framework becomes dependent with time. We observe
that within ¢ ~ 10/3 — 4 sec, the standard deviation becomes smaller and then higher than
the base value of the standard deviation which is indicated by the red dashed line. What is
important to observe that this enhanced deviation does not die out suddenly and asymptotes
towards the red dashed line with higher values of the time ¢. This can be considered as a
quantum gravitational “memory” effect. The GUP effect makes sure that the fundamental
minimal length effects are infused into the detector degrees of freedom and as a result after
the interaction with gravitons the detector retains some of the gravitational fluctuations
purely due to the consideration of generalized uncertainty principle framework. One thing
to remember is if we have not got rid of the linear time dependent parts as a whole from the
expression of the standard deviation the deviation would keep on increasing mimicking some
results from standard gravitational wave memory effects. In our analysis, however, we have
primarily considered the deviation which generates due to the consideration of low-energy
quantum gravity theory which indeed is maximum during lower values of t. Now if such
fluctuations are detected in future generation of gravitational wave observatories, it will not
only indicate towards the existence of gravitons but also indicate towards the existence of a
modified Heisenberg’s uncertainty relation.

plot the time-dependence of the standard deviation, we have plotted ) where

3.5 Discussion and conclusion

In this chapter, we discuss a simply freely falling two-particle system with one of the par-
ticles being way heavier than the other one. To depict the trajectory of the smaller mass

"However, we find in [54] that the projected sensitivity of LISA is 107!® m which requires a squeezing of
only v = 42.
2Following [54] only t ~ 44 is enough for qu-a(tmax) to be in the projected sensitivity range of LISA.
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particle one needs to construct a Fermi-normal coordinate system where the origin of the
coordinate system moves with the freely falling particle. This model depicts the arm of an
‘L’ shaped gravitational wave observatory like LIGO or VIRGO. The analysis considers the
interaction of the gravitational wave detector with an incoming gravitational wave while the
small spacetime fluctuations are quantized where the detector degrees of freedom obey the
generalized uncertainty principle [44]. As the detector arms are very long, it is prudent to
use a one dimensional model while the gravitational wave is carrying a plus polarization
only. Following the approach and methodology of [53,54], we have considered a path inte-
gral approach to quantize the gravitational part of the model system. The model considers
that the detector absorbs a graviton and after some time it emits a graviton and in this
process both the final state of the detector and the graviton gets changed. However, in our
analysis it is not important to consider the final state of the graviton and as a result all
the final graviton states are summed over. One can now extend this analysis from a single
graviton mode to a gravitational field via summing over all graviton mode frequencies which
provides us with an action for the detector-graviton model system. Using a saddle-point
approximation, one can then finally arrive at the geodesic deviation equation in this GUP
infused quantum gravity framework. It is observed that the geodesic deviation equation gets
infused by stochastic graviton noise fluctuations where the noise-fluctuations also get cou-
pled to the GUP infused part of the equation. Calculating the standard deviation, we then
arrive at an expression which is dependent on the total measurement time. This is a very
interesting result in our analysis. For the gravitons being in squeezed states, we find out
that the standard part as well as the GUP corrected part get enhanced by an exponential
factor for very high value of the squeezing parameter. Then using the idea that the GUP
corrected part can not surpass the standard deviation term, we also obtain a bound on the
dimensionless GUP parameter which is found to be tighter than standard bounds which have
been obtained using observational data from the existing gravitational wave observatories.
Using the maximum value of the GUP parameter possible in our current analysis, we plot the
time-dependent and dimensionless GUP parameter against time. We observe from the plot
that due to the GUP infusion, the standard deviation first decreases and then increases and
finally asymptotes towards the time-independent standard deviation with increasing values
of time. This is an important observation and it indicates that the GUP infusion leads to a
quantum gravitational “memory”-like effect which if detected in future generation gravita-
tional wave observatories, will be conclusive evidence for the existence of the signatures of
quantum gravity along with the existence of an underlying generalized uncertainty principle.
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Chapter 4

A quantum gravitational uncertainty
relation

In the previous chapter, we investigated the effect of graviton interaction on a two-particle
system where the geodesic separation between the two particles is infused by graviton-induced
noise in a generalized uncertainty principle framework. We have already discussed in detail
the effect of the consideration of a generalized uncertainty principle framework in a quantum
gravitational scenario. Now, the fundamental question that can be asked is whether the
quantization of linearized gravity itself leads to a quantum gravity modified uncertainty
relation. In a series of works [52-56], interaction of a gravitational wave detector with a
gravitational wave have been considered where the gravitational fluctuations are quantized.
These analyses lead towards the finding of small quantum gravity signatures in classical
observable quantities, with one of them being the geodesic deviation. One important thing
to note is that all of these models are based on low-energy quantum gravity theories. As has
already been discussed in the earlier chapters, the geodesic deviation equations get infused
with stochastic quantum gravitational fluctuation terms. In [57], the authors have taken
a much simpler model where they have considered that a point particle is freely falling
under the effect of Earth’s gravitational field. The freely falling particle is considered to
be interacting with gravitational fluctuations (primarily from gravitational waves) while the
quantum gravitational fluctuations are quantized. Instead of the standard analysis using a
flat Minkowski background as has been done in [52-56], the authors in [57] have made use of
a slightly curved background over which the gravitational fluctuations have been considered.
For the slightly curved geometry, the post-Newtonian metric [102] has been used with no
off-diagonal components. Considering the gravitational fluctuations to be quantized, it was
observed in [57] that aside from a few relativistic corrections (special and general), there is
a stochastic noise fluctuation term in Newton’s universal law for gravitational free-fall®.

In this chapter?, we use the basic model proposed in [57] and inspect the product of the
standard deviations in the position as well as the momentum operators when the entire free-

Formulation of a quantum gravitational matter system has been done in a recent analysis [103]
2This chapter is based on the publication S. Sen and S. Gangopadhyay, “Uncertainty principle from the
noise of gravitons”, Eur. Phys. J. C 84 (2024) 116.
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fall is observed by an observer standing on the Earth. In order to truly extract quantum
gravity effects, we have considered up to Newtonian correction term in the background ge-
ometry only. The uncertainty in the position has already been calculated and later argued
for squeezed graviton states in [57]. Our analysis, therefore, boils down to calculating the
uncertainty in the momentum for different graviton states and multiplying it by the corre-
sponding standard deviation in position. Now, as has been argued and discussed extensively
in chapters (2) and (3), any existing quantum field theories of gravity propose the existence
of a minimal length in nature, which is of the order of the Planck length. The existence of
the minimal length improves the Heisenberg uncertainty relation, which is called as the gen-
eralized uncertainty principle [44]. This form of the generalized uncertainty relation has been
used quite extensively in [65-86, 104-107]. One of the primary problems with the current
form of the generalized uncertainty principle is that the GUP parameter is an undetermined
constant with no appropriate analytical expression. The next problem lies in the fact that the
correction term to the Heisenberg uncertainty principle is independent of Planck’s constant.
A true quantum gravity correction must contain the Planck’s constant as well as Newton’s
gravitational constant in a way that if one of the constants is taken to zero, the correction
term vanishes. Our primary motivation in this work, therefore, lies in the investigation of
an uncertainty relation when true quantum gravity effects are considered in the model and
derive the uncertainty product and obtain the inequality from there. One important thing to
remember is that the entire calculation considers Newtonian approximation, and as a result,
further investigation is needed for a proper Lorentz-invariant uncertainty relation. The post-
Newtonian corrections do not play an important role in the leading order of the uncertainty
product and as a result have been neglected in our analysis.

The chapter is organized as follows. We start with the basic discussion of the model proposed
in [57] and discuss some of the important results. We then proceed to obtain the standard
deviation in the position and momentum, and from there obtain the uncertainty product. We
then propose to write down inequalities involving the uncertainty product for the graviton
to be initially in a vacuum state, a squeezed vacuum state, and finally in a thermal state.
We then investigate the uncertainty relation for the three cases and search for a universal
behaviour, and check for any limiting form of the uncertainty product. Finally, we conclude
our results.

4.1 Apple falling under Earth’s gravitational field

In this section, we start with the discussion and review of the model system proposed in [57].
The model considers a point particle freely falling under the effect of Earth’s gravitational
field while it is being observed by a terrestrial observer. The background of the model system
then reads

Guv = G + I (4.1)

where gfﬁ, denotes the metric due to the Earth and £, denotes standard gravitational fluctu-
ations. The line element solely due to the Earth’s gravitational field in the post-Newtonian
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approximation takes the form [102]
ds® =g datdz”

A 4.2
= — (14 2¢a + 207 + 2pg + -+ ) dt* + (5jk—2¢@5jk+g§i)+--->dﬂdmk (4.2)

where it is evident that the contributions from all the off-diagonal components have been
neglected as the slow rotation of Earth is being neglected in this model. In the above
expression ¢2, ¢, and g](.i) denote the leading order post Newtonian corrections and ¢g
denotes the Newtonian potential due to the Earth’s gravitational field. It is now possible to
write down the gravitational fluctuations in the transverse-traceless gauge. In the transverse-
traceless gauge the particle part of the action takes the form

Sy = [ e (36 + 36 - 20l — 05— 302 - o+ {huee") 4

where the coordinate for the freely falling particle with mass mp is given by 9P = {t, &},
The action for the gravitational part is given by the Einstein-Hilbert action which up to
0(H?) reads (in the transverse-traceless gauge)

1 g
= - d4 yq HhHt . 44
SEH 647TG T aMI)Z]6 f] ( )
which is same as eq.(3.38). It is then possible to use the same mode decomposition of the

fluctuation term §;j, as in eq.(3.46), as (inside of a box with volume V' and length L)
gs(k)e™ e, () (4.5)

-,

where ejk(k:) gives the polarization tensor corresponding to the gravitational fluctuation f;y.
Now, the model is of a freely falling particle, where the Earth’s rotation is being neglected.
Hence, it is quite natural to restrict the entire analysis to a single dimension which is the
direction perpendicular to the Earth’s surface or the z direction. Further considering only
plus polarization of the gravitational wave with a single mode, one can write down the
Lagrangian for the model system as

1 1 3 1 1
L =m? (521’2 + gzp“ - 5%2!’2 — 65 — 565 — w@) +om (¢* — w*’) — g (46)

where the effective mass is defined as m = ﬁ and the particle-field coupling constant

reads g = %51, and the coordinate is aligned in a way such that £ = zP. Obtaining the

canonically conjugate momenta to zP and ¢, one can write down the Hamiltonian for the
model system as [57]

2

P ﬁ + QPWEZD gQZp2 -1 1
H~ | 232  m 1— Zmw3a? p haiz)

(4.7)
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where 7P = ng and p = 85 In the above Hamiltonian, ¢ = ¢g(2P) and ¢g = g (2P). With
the basic model in hand, one can quantize the model by raising the phase space variables to
operator status and implementing appropriate canonical commutation relation between them.
As a path integral quantization is used in [57], a direct canonical quantization technique is
not required. Consider that the initial state of the graviton is given by |¥8) where initially
the state of the freely falling particle is |®%). Now, while touching the ground, if the final
state of the particle is |®%3) and the state of the graviton is |##) at time ¢ = T, then the

transition probability for the system to go from an initial state |\Ifg7 DY) to |F&, OL) reads

PE s = Y [ a0 o) uE ot (4.8)

|7¢)

where T" denotes the total time of interaction between the particle and the graviton. As before,
all final states of the gravitons have been summed over as the dynamics of the particle is the
point of investigation in this analysis. Now, making use of a path integral analysis, one can
follow the methodology of [52-54,57] as well as the methodology of the previous chapter to
write down the transition probability in the above equation in a path integral representation.
Now summing over all graviton modes and making use of the Feynman-Vernon trick [89],
one can arrive at the analytical form of the transition probability as

P, = / d=PdZP AR AR OP (2F) Y (2)0N (27)DP(2h) / DN, b I A WA DAl

y / [gzp} fT [gzz,p} fT . g dt[(ﬂ(z) TP+ A0 (2 <t>—a’<t>)—¢(z(t>—a’”<w)(:z'°(t>+:z"°<t>)]
2P0 2P0 (49)
where the function Z(¢) is defined as Z'(t) = 45 > (zP*(1)) and 7P(2) is defined as
FP(2) = 25 = 20— 6(2P) — 0 (P) — (=) (1.10)

In eq.(4.9), H4(t) is a random fluctuation term. The stochastic average of the random
fluctuation term is defined as

1 [T [T
_ / D Hyexp| - 5 /0 /0 A"l (1 1) A () A ()] A1) =0 (1)
One can again obtain the two point correlator similar to eq.(3.126) as

(0 (1) / D Hyexp| — - / / R OV ATOV ATV AT

= Ays(t,1') .
(4.12)

Here, “{())” is used instead of “()” to emphasize upon the fact that a stochastic average is
being taken. Eq.(4.11) combined with eq.(4.12) portrays that J;(t) is a stochastic noise
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fluctuation term. Making use of a saddle-poin approximation, it is now possible to find out
the differential equation for zP from eq.(4.9) as

P =g+ %,/V(l(t)zp(t) (4.13)

where g gives the acceleration due to the Earth’s gravitational field and all other relativistic
contributions have been dropped as well. From eq.(4.13), it is possible to write down the
quantum gravity modified Newton’s equation as

F = mbi(t) ~ mE <—g + %%(t)zp(t)) (4.14)

which is the result obtained in [57]. However, we obtain an extra half factor in front of the
noise term. In the next section we shall try to obtain the uncertainty product by individually
obtaining the uncertainties in the position and momentum of the freely falling particle.

4.2 Quantum gravity modified uncertainty relation

The first step towards obtaining the uncertainty product is to solve eq.(4.13). We at first
will reproduce the result for the standard deviation in position from [57]. In standard non-
relativistic classical mechanics, when a particle freely falls under the effect of gravity, then
its trajectory is given by
1

2h(t) = 2 — 59752 (4.15)
where 2 is the initial height from which the particle is being dropped and g is the acceleration
due to the Earth’s gravitational field. If at time 7,, the particle touches the surface of the
Earth then the classical value of z becomes z(7,) = 0, and from eq.(4.15), we can obtain

P
2z

the analytical expression for 7, as 7, = 7 The equation in eq.(4.15), is a solution of

the second order differential equation Z5(t) = 0. As we can observe from eq.(4.13), the
second-order ordinary differential equation has inputs from stochastic noise fluctuations due
to the interaction between the particle and the graviton. Hence, it is possible to separate the

solution of eq.(4.13) into two parts
2P(t) = 25(t) + 2056 (1) (4.16)

where 2§(t) is given by eq.(4.15) and z(q(t) gives the quantum gravity corrected part. Using
the above ansatz, and substituting it back in eq.(4.13), we arrive at the differential equation
involving 2, (t) as

(1) ~ %/V (1)22(8) (4.17)

where the 10 (20 (t)44(t)) term has been dropped as it contributes in the second-order of
the graviton-noise fluctuation. Integrating the above equation with respect to time and doing
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integration by parts, one can arrive at the following relation

—_

2o(0) = L0 - tawmw + L [ araes
B(1) = i%(t) 50— 050+ 5 [ a0 (4.18)

. 1 t
= SR + soei0) - 5 [ dtn ).
2 c 2 2 /s

Integrating the above equation one final time and executing integration by parts, we arrive
at the analytical part of the quantum gravity corrected part of zP(t) as

1 t t t
20a(t) = 544(t)zq(t) + /0 dt' gt Ny (') — g /0 dt’ /O dt" Ny (") . (4.19)

[\]

The above result is same as obtained in [57] up to an overall % factor. Taking a stochastic
average of z((t), we then obtain

(a0 == Lo + [ argrinn -2 [ar [Carneny =0 @20

where we have made use of eq.(4.11). The above result is a direct consequence of the fact
that J/(t) is a stochastic noise term. Taking stochastic average of eq.(4.16), we obtain

(2P(®) = ((za(t) + 206(1)) = za(t) - (4.21)

One can now write down the variance in the position of the particle at time ¢ as
(4.22)

where in the second line and last line of the above equation, we have made use of eq.(4.20).
As we are mostly interested in obtaining the uncertainty relation while the particle touches
the ground (as it maximizes the time of interaction between the particle and the gravitons),
we need to write down the variance obtained in eq.(4.22) at time ¢ = 7, = \/2%0/q. It is
important to note that at time ¢ = 7,, z5(7,) = 0. At time ¢ = 7,, the variance in position
reads [57]

(A27(7))" =((2c(74) 26 (7))

_g/ tdt/ EdE( Ny (1) Ny (£) /dt/ dt”/ EdE (A, (") Mo (D)
O [ [ dt/O (A ()4 D) -
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In our analysis, we are more focused on the quantum gravity-induced noise fluctuations in
the uncertainties of the position and momentum of the particle, and as a result, all post-
Newtonian contributions can be dropped from the Lagrangian in eq.(4.6). This gives us the
Lagrangian for the model system in the Newtonian approximation as

1 1
L =gm§P — mbge () + 5m (¢ — w'q’) — g4z, (4.24)

From the above Lagrangian, one can obtain the conjugate momentum to 2P as

oL

e mgzP — gz’ . (4.25)

P =
Our next aim is to calculate the variance in the momentum 7P at time ¢t = 7,. Substituting
the form of 2P from eq.(4.16), we obtain the form of 7P(7,) as

w2 (1y) = mg (2
mg (2

a(7g) + 25(}(7—5])) —g4(7y) (ZSI(TQ) + Z({)}G(Tg))

(1) + 2B (1) — 8d(7y) 256 (7y) (4.26)

where in the last line of the above equation, we have used the result z5(7,) = 0°. Some
important observations are in order now. We already now that g is the graviton-particle
coupling constant. In the last term of eq.(4.26), the coupling constant is multiplied with the
quantum gravitation part ng (1,4) of the position of the particle which is very small as well.
Hence, as a result one can neglect the contribution from the last term in eq.(4.26). Up to a
good approximation, one can then recast the analytical expression for the momentum 7% as

T2 (1) = My (251(7_9) + 2(%G(Tg)) : (4.27)

Hence, one can compute the square of the variance in the momentum variable to be

(AT2 (1)) =mf ((2P(7)2 (7)) = (2 (7))
=l (25 (73) + 2557 (e (7)) + (e () Ha(m)) — 2 (7)) (4.28)

=my (223(79) (20a () + (£0a(m) 0 (T0))) -

In order to obtain the second line of the above equation, we have made use of the result that

(20a(7))) = 0 which can easily be inferred from the fact that (/4 (t))) = LU @)) =0. It
is then possible to finally recast eq.(4.28) as

2

(ATE (7)) = mi (20 (79)0a (7)) - (4.29)

With the analytical expressions for the variances in position and momentum of the particle
from eq.(s)(4.23,4.29), we are now in a position to calculate the uncertainty product while
the gravitons are initially in a vacuum, a squeezed vacuum, and in a thermal state.

(14) = dzflt(t) |t—r, and the similar thing holds true for (7).

3The expression 25 (7,) denotes 25 <

cl cl
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4.2.1 Graviton initially being in a vacuum state

We start by simply considering the initial graviton state to be in a vacuum state. The
primary quantity that we need to calculate are the two point noise-noise correlators and for
the graviton being in a vacuum state, we obtain the analytical expression for the same as

4hG

w® Jo

(AN AG @) = 2t 1) =

. . dww cos(w(t' —t")) . (4.30)
As has also been discussed in Chapter(3), the above frequency integral is indeed divergent.
Hence, one needs to provide an upper bound to the integration limit to properly regularized
the frequency integral. For a freely falling particle from a heigh 2§, it is possible to give an
upper-bound to the frequency integral in eq.(4.30), which can be set to W = 23¢ without
any loss of generality. Now, the measurement is done for a finite amount of time ¢ i 7, which

enables one to provide a lower limit of integration as wpyy, = 3—” Substituting the lower
g

and upper limits of integration in eq.(4.30), it is possible to write down the autocorrelation
function as

ARG [@mex
0 p—
'qu (t/7 t”) = g - dww cos (w(t’ — t”))
ARG (cos(w(t' —t")) N wsin(w(t — )\ | (4.31)
N mcd (t — t’)2 Ho— -

If the graviton is in the vacuum state initially, then we can write down the variance in position
form eq.(4.23) as

(Azp(Tg))Q <<ZQG( )ZQG

_g/ tdt/ tdt ot t_)—g/ dt/ dt”/ tdt oq(t".1) (4.32)
t _ _
+_/ dt’/ dt”/ df/ dE (1" 1) .
1 0 0 0 0

Substituting the analytical form of the autocorrelation function from eq.(4.32) in the above
expression, we arrive at the expression for the variance in the position of the particle

hg? p* 2 I 2
hg G 9202 5 |:COS( m;—g) -1 {C1(27r) Ci ( WCTQ)}
16m=c 2 | 20

mTcd

(A2P(7))" =

l\D|>—‘

(4.33)

where ‘Ci’ denotes the cosine integral function [95]. One now needs to investigate the above
analytical form of the variance in the position of the particle. Plotting the individual functions
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with respect to 7,4, it is easily observable that the 7'2 In < ) function dominates all other
0

contributions and as a result one can approximately express eq.(4.33) as

4hG 2,2 4 2 212
(AP(r))? ~ 9 7oy (C—Zg) 29 gy, (Clg') . (4.34)

5 2
e 24 c 2

Up to a constant factor the above result matches with the outcome of [57]. We now proceed
to obtain the analytical expression for the variance in the momentum of the particle when
the graviton initially is in a vacuum state. The variance in the momentum variable is given
by the expression (Am?(7y))? = mg (26 (79)20a(Ty))- Now, we can substitute the analytical
form of 2(g(7,) from eq.(4.18), and substitute it back in eq.(4.29) to obtain the following

analytical expression

(ATP(1,))? =mb (226 (74) 0 (T9))

2 2
p° 2.2
mOgT mgy g™ Ty

(A () A (7)) _T/ dt' (NG ()1 (74)) (4.35)

0

09 / / dt'dt” (NN

where we have considered the graviton to be initially in a vacuum state. Combining eq.(4.30)
with eq.(4.31), we know that (W 2(t")A4(t")) = <2(t',t"). We can therefore obtain the
analytical form of the variance in the momentum as

omp 213, | T} 2 2
(AP (1,))? = my g [ s +cos{ ”ffg} —1— 72+ Ci[2r] — Ci [ Wffﬂ} +1n [C—Tg] .

mc? P 25 25 25

(4.36)

As before, keeping the dominant contribution in the above equation, we can write down the
final expression for the variance in the momentum as

9 22 7
(ATP(7,))? = % . (4.37)

Zo

With the variances of the position as well as the momentum in hand, we are now in a position
to write down the square of the uncertainty product as

(A2P(r,) (A (r,))? = Ml <_> | (438)

Defining AzP = AzP(7,) and An? = AnP(7,), we can obtain the product of uncertainties in
the position and the momentum of the particle from eq.(4.38) as

AZPATP = (4.39)

P
20

/ot ()

zhe
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We shall now rearrange the right hand side of the above expression as

AZPATP _—2\/_m0927'212 In (ﬂ)

p
zhc 24

2 272 2 p
_ 1 (CTg) 2rmug=le Ty 2
=/ = —= - o -
m 2 2 myC

In the right hand side of the above equation, the term inside of the parenthesis is equal to
the square of the variance in the momentum as can be seen from eq.(4.37), and this helps us
to recast eq.(4.40) as

(4.40)

2 c 79
AZPATY =/ = 1In lpg =3 (AnP)?. (4.41)
2 2y ) mgc
As both z§ and 7, are constants, we can define a new constant of the form § = % In (%),

using which, we can express the uncertainty product in the above equation in a more compact
form as

2 P
APAR? = | L1y (21)*"—0(&@)2 B4 (pgry (4.42)

2 gzy ) mye ¢ mge

From the above equation, we can write down the following inequality with a particle with
mass mj as
l

moc moc

AZPATPY = ——(A7P)? . (4.43)
The reason behind using the inequality z{ > Ip; lies in the fact that in any quantum gravity
theory, the minimum length that one can probe is equal to the Planck length. As a result, it

is possible to consider that the minimum value of z§ is equal to the Planck length Ip; = 4/ Z—g

as well. Eq.(4.43) provides a lower bound to the uncertainty product AzPA7P. If the particle
or detector sized also obeys standard quantum mechanics, in that case AzPAnP will obey
the standard Heisenberg uncertainty principle in the absence of any quantum gravitational
effects as 5

AZPATP > 5 (4.44)

Now, the right hand side of eq.(4.43) is a purely quantum gravitational contribution which is
very small compared to h. As a result, for a quantum detector in a quantum gravity set-up,
we can combine [66] the right hand sides of eq.(s)(4.43) and (4.44) to write down a quantum
gravity modified uncertainty relation as

AzP ArP zg + &E(A@)Q
o€
, & (4.45)
APATP >= [ 1+ ——L(AxP)?
= AzPAr? _2< +hmgc( 7rz)>



where in the last line of the above equation, we have defined B = 243. It is important to
note from the above uncertainty relation that the quantum gravity induced correction term
is dependent on the Planck’s constant i, Newton’s gravitational constant G, and the speed of
light c. This indicates that if we either take the limit G — 0 or A — 0, the quantum gravity
induced correction term from the right hand side of eq.(4.45) vanishes. Now, in the A — 0
limit the system loses its quantumness and it is indeed observable from eq.(4.45) that the
right hand side of the uncertainty relation vanishes which is an expected result. In the G — 0
limit, the quantum gravity correction term in the right hand side of the inequality in eq.(4.45)
vanishes only restoring the usual Heisenberg uncertainty relation in eq.(4.44). These limits
confirm that the uncertainty relation, observed in eq.(4.45), is indicative of a true quantum
gravity modified uncertainty relation. We have already discussed in Chapter(2) and observed
in eq.(2.24), for the well-known generalized uncertainty principle [44], the coefficient corre-
sponding to the variance in the momentum square depends on GG and ¢ and is independent of
the Planck’s constant. Now, for a quantum gravity modified uncertainty relation, the involve-
ment of the Planck’s constant as well as the Newton’s gravitational constant are required. If
the A is taken to zero which is indicative of the classical limit, we observe that the right hand
side of eq.(2.24) does not vanish indicating the existence of an uncertainty product even in
the classical limit. Hence, it is best suited to call this a Newtonian gravity correction to the
Heisenberg uncertainty principle. However, we shall try to investigate whether it is possible
to obtain the generalized uncertainty principle from eq.(4.45). In our analysis the mass of

the point-particle is larger than the Planck mass mp; = ,/%C. The primary reason behind

this consideration lies in the fact that for particles with masses higher than the Planck mass,
the de Broglie wavelength becomes smaller than the Planck length, leading to a dominant
classical particle behaviour for the freely-falling particle. Now, if the quantization is exe-
cuted inside of a box with volume equal to the Planck volume, then for a particle with mass
higher than the Planck mass it results in a microscopic or a quantum black hole. As a result
throughout our analysis, m{§ < mp). Hence, it is possible to further simplify the inequality
from eq.(4.45) in the Planck mass limit as

+ &E(Aﬂpf

z
moc

1 Dl (Ary:
mpi1C
BG (4.46)

2
+ = (A7P)

AZPATP

v

v
SNSRI SIS

= AZPA7P > 5 <1 + %(A@f)
The final uncertainty relation is identical to the generalized uncertainty relation given in
eq.(2.24). The constant § is not undetermined anymore and it can also be considered as a
true quantum gravitational derivation of the generalized uncertainty principle. It is important
to note that the above uncertainty relation is obtained in an one dimensional model and one
can indeed generalize it to three spatial dimensions. We shall now consider the equality
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condition from eq.(4.45), which helps us to write down a quadratic equation in A7? as

Bl EPL(ARP)? — AZPATP + g =0. (4.47)
myc

Solving the above equation, we obtain an analytical expression for An? as

mbc mpe hl
AP = =0 AP + 0 [(Azp)2 — p i
Blp 5ZP1 myC
As the uncertainty in the momentum A7 cannot be a complex quantity, the term inside of the
square root must be equal to or greater than zero. Hence, from eq.(4.48), it is straightforward

to interpret that
AzP Z ﬁhrl)Pl — P ﬁhlpl (449)
\/ mgc \/ mye

Hence, we find out that the quantum gravity induced uncertainty relation indicates towards
the existence of a fundamental minimal length scale. The minimum value of the uncertainty
in 2P can be obtained by setting mg to mpj. In this limit (mo — m,), we obtain the minimum
value of the uncertainty in position as

hpl
Azfain|mg_>mpl = il flpl (4.50)

mpiC

(4.48)

The above minimum value of the uncertainty in the position is of the order of the Planck
length, and is identical to the result obtained in [44]. It is evident from eq.(s)(4.49,4.50) that

JAVL P AzP. ¥ my < mp;. Up to now, we are only concerned about the lower

bound of the uncertainty relation. Now the uncertainty product in eq.(4.39) can be arranged
in a way such that the right hand side can be arranged in terms of the square of the variance
in the position part

AZPATY =

b
zyc

Vi, (mg)

(4.51)

= AZPA7P =

uncertainty product AzPA7P as

It is evident as before that z{ > lp; which enables us to write down an upper bound to the

p
APAT? = TOC(AZP)2 <

o C(Aazry? (4.52)

m
Blp
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In our analysis we are considering that the mass of the point particle is smaller than or
equal to the Planck mass which helps us to write down the maximum upper bound to the
uncertainty product as

oA _p - Mo < meIC

Az Aﬂ' < B 2 (Alpl) /Blpl

As we are working with particles that have masses smaller than the Planck mass, we can

get an even higher value of the upper bound simply by replacing mg with m,, in the above

inequality. We now have obtained a lower bound as well as an upper bound of the uncertainty

product AzPA7P from eq.(s)(4.45,4.53). We can combine both of the inequalities to write
down a bounded inequality of the form

(AzP)? . (4.53)

mpiC

Blp

hmge

l
(AzP)? > APATE > 5 (1 L (Mg)?) : (4.54)
If the particle is considered to be of the mass such that m{ < mp, then the above uncertainty
relation takes the form

mpiC

Blp

l
(A27)* > AzPARD > 5 ( + hi;lc(A ®) ) . (4.55)

The above result is the most important analytical outcome in this work and gives the ana-
lytical expression for a true quantum gravity modified uncertainty relation. We have already
investigated the significance of the lower bound of the uncertainty product which indicates
towards the existence of a minimum value of AzP beyond which one cannot go further. This
indicates that the minimum value of the uncertainty in the position can never go to zero.
From the upper bound of the uncertainty principle, we can conclude a very important out-
come. It is important to note that AzP cannot go below a finite value which is of the order
of the Planck length, however, it can become infinite. Even if AzP — oo then also the upper
bound relation will get satisfied as can be observed from eq.(4.53). Hence, for a precise mea-
surement of 7° (AnP? = 0), AzP will tend towards infinity where the upper bound criteria
will be satisfied as has been discussed above. We can write down the expression of An? from
eq.(4.48) using eq.(4.49) as

mhe mye
Am, = =2"A2P £ =21 /(AzP)2 — (AzR. )2 . (4.56)
1 BZPI \/

Blp
Multiplying both sides of the above equation with AzP, we can write down the from of

eq.(4.56) as

A A = 0 Ay (14 1= Bamw)® ) (4.57)
Blp) (Azp)?

In terms of 3, the upper bound to the uncertainty product can be expressed as AzPA7TP <

QZEPIC (AzP)2. Now, we already know that m, > mg and it is easy to understand that 2 >
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(1 +4/1— ((AZI;%;) which helps us to write down an inequality of the form

2mp10
Blen

We can see from the above relation that the upper bound criteria always gets satisfied. If we
consider minimum value for AzP, that is AzP = Azl | we obtain the value of the uncertainty

product to be AzPA7P = h whereas the value of the upper bound reads 2Z;—Plc(Azmm)Q =

As throughout our analysis mp; > my{, it implies that th‘”‘ > h indicating that the

(AzP)? > %(Azpf (1 +4/1— %) : (4.58)

2hmp1

ungertamty upper bound holds true. The existence of this upper bound does indicate that

if the position of the freely falling particle is measured to the best precision allowed by the
theoretical model (AzP = AzP. ) then there exists an upper bound to the uncertainty in the
measurement of the momentum. This maximum uncertainty in momentum for AzP = Az>.

is obtained as
he

5molP1

Next, we shall investigate the quantum gravity modified uncertainty relations when the
graviton is in a squeezed as well as in a thermal state.

ArP = 2mp1

Zmax

(4.59)

4.2.2 Gravitons initially being in a Squeezed vacuum state

In this subsection, we shall investigate the scenario when the initial gravitation state is
interacting with the freely falling particle while the graviton is in a squeezed state. The
initial state of the graviton can be expressed as [¢59) = §((,)[08) where S(¢,) is squeezing
operator and is defined by S (Cw) = exp [%C:fﬂ — de”]. The complex squeezing parameter
(. can be expressed as (, = r, explip,| with r,,¢ € R. The transition probability for the
particle to go from an initial state |®%) to a final state |®3) with the graviton initially being
in the state [¢)5%) is given as

Sq. , * 0, * ’
PYE, = [ dehazpaspason Dy ()5 ()82

. 4.60)
- 22T 1. 2T imb 2 2 i (
% / [@Zp] f [9Zp] e 7 font[%Gp —ZP )—(fb@(zp)—%(zp))] Fe, [2°, 4] .
p ,0 zf,()
The total influence functional for the model system can be expressed as
Fo 29, 27) = Fog 27, 29] exp i, [27, 27] (4.61)

where the vacuum influence functional Fys [2P, £P] reads

Fg [P, 2] =exp {— 8hg772w /OT dt /Ot dt’ (%(t) — .Si’(t)> (,Ez”(t’)e—iw<t—t’) _ j‘(t/)eiw(t—t')>:|
(4.62)

70



In the initial part of the analysis, we have kept the speed of light to be unity and it will
be restored later while obtaining the final analytical form of the uncertainty product. The
influence phase i®, [P, 2P| has the analytical form

i [27, ] = 9 /0 dt /0 4 coslw(t + 1) — o) (L) — FONLE) — F(¢')) sinh 2z,

2 T

. /0 dt /0 dt’ cosle(t — E)](L(t) — FONLE) — F(t'))(cosh 2x, — 1)
(4.63)
where the total interaction time is given by T' = 7,. If |®}) denotes the final state of the
freely falling particle when it touches the ground, in that case, we know ZJI? = 2”? = 0. Similar
to the case observed in Chapter(3), we can again consider the squeezing parameter to be
independent of the graviton mode frequency as r,, = r. One can also consider the squeezing
phase to be independent of the mode frequency as well which is denoted by ¢, = ¢. Summing
over all graviton mode frequencies, one can write down the total influence functional for the

graviton-particle model system as

Fe[2P, 2P]

= Fo[2P, £P)ei®clz" 2]
— exp {_zgg cosh 2t / " wdw / "t / " cos(w(t — ') (,sr(t) —si(t)) (52”(75’) —,sz'"(t'>)
87rh smh2r/ wdw/ dt/ dt' cos(w(t +t') — ) (&”(t) - ,fl”(t)) (&”(t’) — 5[(15’))}

87; [ (5[()—&"(75)) (5[()+5r( ))} .

X exp [
(4.64)

As has been discussed earlier in subsection(3.3.3) of the previous chapter, the cos(w(t —t))
preserves the time translational symmetry whereas the cos(w(t+t")—¢) is non-static in nature
(as it does not preserve time translational symmetry). Based on the static and non-static
natures of the terms, it is possible to define two auxiliary functions as

4 oo
A5t —t) = AnG cosh 21:/ dww cos(w(t —t')) (4.65)
Q@ 0
4h o
ANS(t+ 1) = 4G sinh 2¢ / dww cos(w(t+t') — @) (4.66)
T 0

where in the above equations ‘S.” and ‘N.S.” in the superscript of the auxiliary functions
indicate the static and non-static behaviour, and one can simply take the ¢ — 0 limit here.
As has been done in eq.(4.31), we need to implement a similar upper bound as well as lower
bound to the frequency integrals which helps to make the divergent functions to be finite
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and express eq.(s)(4.65,4.66) as

4h Wmax
A (t—t) = TG cosh Zr/ | dww cos(w(t —t')) (4.67)
4hG @max
N.S. _ :
A (t+t) = — sinh Qr/w | dwwcos(w(t+t') — @) . (4.68)

The above auxiliary functions are related directly to the two-point graviton noise-noise cor-
relators. Now if ,/Vqs' denote the graviton noise fluctuation term corresponding to the static
part then o/ (t—t') = (N5-(t).4(t'))) and the autocorrelation function &5 (t—t') is directly
related to &/ (t — ') (defined in eq.(4.31)) by the relation o/ (t —t') = cosh 2vQ(t —t'). It is
also straightforward to make the identification that 4, (t) = v/cosh 2e.#(t). The transition
probability for the model particle-graviton system then reads

* * ~ ’ -1 ’ !/
PYy = [ dRaRdag@n (0T (DS (PBY() [ Suape b0 w0

8 /QJVN-S- o3 I dt dt’(g{N'S'(t+t’))l/VN-S‘(t)/VN‘S-(t/)/ [@55} & T [ggsrﬂ
£.0 €.0
img T dt[[ép2—£p2] ~2(¢e (2P)— e (29))+ 5 (Veosh 2ea0 (1) + 485 (1)) [2 (1) & (1)] - ™09 [2 (1)~ (1)] [.sz'”(t)+z"(t)]]

X e 2h
(4.69)

where &/J(t,t') = oJ(t —t'). One can now make use of the saddle-point approximation and
obtain the Langevin-like differential equation involving zP as

“p 0ds 17 ons 70 P(4) —

Pt) + 5o — = (5 () + Veosh 2e00(1)) 27(t) = 0 (4.70)
where ¢g = ¢g(2P), and we have neglected all higher order time derivatives in zP as they
have very small contributions towards the overall dynamics of zP. As was argued in the
previous chapter as well [54], we can always focus on the static part of the noise fluctuation
and neglect the non-static contribution. Proceeding with the same methodology presented
for the vacuum case, we can arrive at the variance in the position term as (restoring the
speed of light properly in the expression and setting t = 7,)

4hag? p? 9 | )
(Azgq.(Tg))2 ~ hy G cosh 2r [ 9% [cos ( W?—g) — 1] + 57-5 {Ci(gﬂ) e ( WCTQ)}

e 1672 ¢? 25 20

2
1 . [ 4r?d e,
2] 21 | =2
+879 n( 272 7y 25

Ag22]2
~ I 7g P cosh 2t In (0—71;9)
2
0

(4.71)
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where only the term which dominates over time are kept in the expression. Similarly the
variance in the momentum parameter can be expressed as (where only the dominant contri-
butions are kept)

2wmg gQZQIT

(A7Z, (74))? =~ cosh 2t . (4.72)

p?
0

Defining Az%% = Azg, (7,) and AmSd = Axb, ..(79), and using eq.(s)(4.71,4.72), we can write
down the uncertainty product Az%AznS% as

2\/§mp 2T2l2
AT AT = # cosh 2ry [In <C:‘f’>

2pc 2

2mrmpb 7'21 b 2

= + cosh 2rz—g — In (Cl};q) (4.73)
25¢ moe \| ™ 2
= ASTAT = Py (A7de)?
4 mgc 4

where in the last line of the above equation, we have made use of eq.(4.72) which has a
structure identical to eq.(4.42). Following the arguments identical to the vacuum state case,
we can write down the uncertainty relation as

Blp

ASTARSE > — |1
z us 2<+7im0

(Awiq‘f) : (4.74)
We can again obtain the generalized uncertainty relation in the Planck-mass limit as before.
Similar to the vacuum state case, we can also implement an uncertainty upper bound, which
helps us to write down the complete uncertainty relation when the graviton is in a squeezed
state as (for mf < mp)

ﬁlPl

hmge

mpC
ﬁlPl

The above uncertainty relation is identical to the quantum gravity modified uncertainty re-
lation obtained in eq.(4.55). This is a very important outcome and we shall be investigating
the uncertainty relation while the particle interacts with thermal gravitons. If the the uncer-
tainty relations, obtained for the three cases are identical, it would be sufficient to claim that
the quantum gravity modified uncertainty relation obtained in eq.(4.55), is indeed universal
in nature.

(AZ5)% > AT ArSe > — > (1 4+ (AWEQ-)2> : (4.75)

4.2.3 Particle interacting with thermal gravitons

We shall, in this subsection, consider the interaction of thermal gravitons with the freely
falling point-particle. At first, we need to write down the Feynman-Vernon influence func-
tional for the graviton initially being in a thermal state as [54]

F™ 2P, 2P] = Fyo[2P, 2P) exp [i®"™ 2P, £P]] (4.76)
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where the vacuum influence functional Fys|[2P, 2P] is obtained by summing over all possible
mode frequencies of the single-mode vacuum influence functional Fys [2P, ZP] given in eq.(4.62).
The influence phase for thermal gravitons is denoted by i®™[2P, £P] (for ¢ = 1), which takes
the analytical form

~Th.pZ'p:_m(2)G ~ N — L ()] cos(w(t —t'
o, #) = i [ © [tz - Fana) - 2] eostets - 1)
(4.77)

with T denoting the temperature of the thermal gravitons. It is easy to define an auxiliary
function for the gravitons being in a thermal state after dimensional reconstruction as

, 8hG [ wdw /
d™ (1) = — / o cosw(t = 1)) . (4.78)
0 e

e kT — ]

The above frequency integral is convergent and as a result there is no need for a regularization
by setting an finite upper and lower limit of integration as have been done for the previous
two scenarios. This divergence free auxiliary function can be related to the noise-fluctuation
terms corresponding to the thermal gravitons as /T (¢,t') = (W) T(¢)). One can
finally write down the Langevin-like differential equation in 2P as

EP(t) + % - % (/@O(t) + /VTh-(t)> 2P(t) =0 (4.79)

were all higher order time-derivatives in 2P has been neglected. While calculating the standard
deviation in position as well as momentum, we shall be focussing on the thermal noise
fluctuation term. During the calculation of (28 (7y)20q(7,)), multiple unnecessary term
came out which can be neglected by considering them as spurious contributions, and one
can consider only the terms that dominate over time. It is then possible to write down the
analytical expression for the variance of the position as

20°72hG 5¢°GT3kpT,
(AzTh')2 o~ Al 795 In {sinh (—WTI{:TG>1 + 29 Ty BTG 795 i +
- : ‘ (4.80)
N 2g> T b Ui Lsinh mToksTq
N 7r02 h

where the contribution of the second term has been neglected. Now the second term in
the first line of the above expression is independent of the Planck’s constant which is very
strange considering that the right hand side of eq.(4.80) is coming purely due to quantum
gravitational noise fluctuations. As a result we shall be considering the first term in the first
line of the right hand side of eq.(4.80). One can next obtain the variance in the momentum
term as

2 7r7'gk T
_7rm0 g T2Gk2 213 2mg hGgZ 2m0 kpTeGg?t, coth( L G)

A Th.\2
(Ar™) 327105 mcd cd (4.81)
B 2my ¢*hG In {TI'TICBTG cosech (WTngTg)l
e h
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Keeping the dominant contribution only and using the analytical expression for the Planck

temperature Tp; = Ghzz , we can write down the analytical expression for the variance in
B
momentum as
2 2
(ArThy2 o 7rm0 9?1 GERT, _ 7Tm0 9118 (4.82)
? 3hc5 3713

Multiplying the variance in the position from eq.(4.80) with the variance in momentum from
eq.(4.82), we obtain the analytical expression for (AzTh)2(ArTh)? as

(AZTh2(AgTH2 = 2T CRTeg'ny { inh (M)} . (4.83)

3clo h

Taking a square root of the above expression, we arrive at the uncertainty product as

AT Ar Th \/_mgGkBTGg In |sinh W—BTG
V3ch h

|6 : nThkplc h Th.\2
= \/7T2 In [smh ( - )} kT (Am, ™)

where in the final line of the above equation, we have made use of eq.(4.82). Defining a new

(4.84)

constant, B, = \/ % In [Sinh (WTBTGH, we can recast the above uncertainty product in a

much simpler form as

Prn.h

AzTh'AﬂzTh' =—

(ArTh)2 (4.85)

The maximum value that the temperature can reach is equal to the Planck temperature
TPI = Gk;2
gravitons obey the inequality T < Tp). This inequality gives a natural lower bound to the
uncertainty product in eq.(4.85) as

which implies that the temperature corresponding to the thermal state of the

Brn.h

h

Az ThA Th AT{'Th' 2 /BTh. Aﬂ_Th. 2

mok‘BTG( # ) mngTpl z ) (4 86)

— AL AT SR e |
mgc

Again, if the detector (or particle) degrees of freedom obey standard Heisenberg uncertainty
principle, then one can use similar arguments as have been done in the vacuum state case to
give a lower bound to the uncertainty product as

B hlPl
Az AR > = > (1+ hTmO (ArTh)? (4.87)

5



where BTh_ = 2f7h.. Now, the free-fall time 7, = \/T%g is constant leaving /3 for the vacuum as
well as the squeezed graviton state to be constant. However, Sty also depends on the initial
temperature of the thermal gravitons and for a fixed vale of T, Oty is constant as well. It is
then always possible to find a certain value of the temperature Ty such that § = Bry.. One

can also recast the uncertainty product in eq.(4.85) in terms of the variance in position from
eq.(4.80) as

mbkpTe myksTp

AZTh'A’TFTh' — AZTh. 2 < AZTh. 2
? BTh.h ( ) o 6Th.h ( ) (4 88)
mbe mpiC '
— AZTh. 2 < AZTh. 2 )
BTh.lPl( )< 5Th.lP1< )

Combing eq.(4.87) with eq.(4.88), we can write down the total uncertainty relation in a closed
form as

Brn.lpi 2 hmbc

In the above equation, we have considered that the mass of the freely falling particle is smaller
than the Planck mass. If the mass of the particle is equal to the Planck mass then one can
modify the above closed form of the uncertainty relation where the the first “>" sign will be
replaced by “>” symbol. In the Planck mass limit, the lower bound of the above uncertainty
relation reduces to the standard generalized uncertainty relation. For § = [y, eq.(4.89)
is exactly same to the uncertainty relations obtained for the vacuum and squeezed vacuum
cases from eq.(s)(4.55,4.75). Even if the constants are not equal to each other, the analytical
structures remain exactly the same. Hence, we truly obtain an universal quantum gravity
modified uncertainty relation with a lower bound as well as an upper bound.

For, all of the uncertainty relations obtained in eq.(s)(4.55,4.75) and eq.(4.89), the freely
falling particle has a non-zero mass m{, with the velocity of the particle being ZP(¢) < ¢. One
can thus always consider m{ to be the rest mass of the particle. The uncertainty relation for
a massless particle can be achieved by just replacing the rest mass of the particle mf by %
where wy denotes the frequency of the massless particle. It is then possible to write down
the uncertainty relation for a massless particle as

mpC (AzTh,)Z > AZTh.Aﬂ.;Fh. Z 7_:L (1 + M(Aﬂ'gh)2> . (489)

; )
E—G(AZP)Q > AZPARP > g (1 + iizoc(mgf) . (4.90)

4.3 Discussion and conclusion

In this work, we have used the model in [57], where a freely falling particle under the effect
of the Earth’s gravitational field interacts with the background gravitational fluctuations,
where the gravitational fluctuations are quantized. In our analysis, we have dropped any
post-Newtonian contributions used in [57] and proceed with Newtonian correction terms, as
the post-Newtonian corrections do not play any significant role in calculating the standard
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deviations in the position as well as the momentum of the particle. In [57], the standard
deviation in the position of the freely falling particle is calculated and evaluated when it
touches the ground. It was observed that because of the noise induced by gravitons, the
free-fall trajectory gets infused by graviton-noise fluctuations. In this work, we have made
further consideration by calculating the uncertainty in the momentum of the particle at
the time of touching the ground. This entire phenomena is being observed by a terrestrial
observer. For a particle freely falling with mass m{, we obtain the analytical expression for
the uncertainty product when the gravitons are initially in a vacuum, squeezed vacuum, and
thermal state. The lower bound to the uncertainty product is obtained by expressing the
uncertainty product in terms of the variance in the momentum and then implementing the
inequality that in a quantum gravity setting z{ > lp; (where z{ is the initial height from which
the massive particle is being dropped) and combining it with the standard lower bound for
the Heisenberg’s uncertainty relation, we arrive at the quantum gravity modified uncertainty
relation. The coefficient of the quantum gravity modified term depends on three of the
fundamental constants, namely the Planck’s constant A, Newton’s gravitational constant G,
and the speed of light c. Hence, if either A or G is taken to zero the term induced due
to the noise of gravitons vanishes implying that the obtained correction indeed generates
due to the consideration of quantum gravity in the model system. We also observe that
in the Planck mass limit m{§ = mp;, the quantum gravity modified uncertainty relation is
reduced to the well-known analytical structure of the generalized uncertainty principle [44]
where the GUP parameter is now pre-determined. This indeed serves as a true quantum
gravitational derivation of the generalized uncertainty principle as well. It is also possible to
express the uncertainty product in terms of the variance in the position which helps us to
write down an uncertainty upper bound in the Planck limit (2§ — Ip; and m§ — mp;). We
therefore obtained a closed-form expression for the uncertainty product when the graviton
is initially in a vacuum state. The existence of a lower bound with a dependence on the
variance of the momentum suggests that there is a lower bound to the measurement of
the uncertainty in the position of the particle whereas the existence of an upper bound
suggests the existence of an upper bound to the uncertainty in the momentum. In the next
part of our calculation, we have considered the initial graviton state to be in a squeezed
vacuum state and obtained the uncertainties in position and momentum. We find out that
the uncertainties get enhanced by a +v/cosh2r factor where r denotes the real squeezing
parameter. Analytically obtaining the lower and upper bounds to the uncertainty product,
we obtain an identical uncertainty relation in eq.(4.75) compared to the uncertainty relation
eq.(4.55) for the squeezed vacuum case. Finally, we have considered the interaction of the
particles with thermal gravitons obtaining an uncertainty relation which is exactly similar to
the structure of the uncertainty relations obtained in eq.(4.55,4.75). In the case of thermal
gravitons, the autocorrelation function needed no regularization as the frequency integrals
were convergent. In order to obtain the uncertainty product, we needed to implement the
temperature inequality T < Tp; and the dimensionless coefficient [t was found to be
dependent on the initial temperature of the thermal gravitons. All three considerations do
imply that the graviton-induced uncertainty relation obtained in this analysis is indeed a
true quantum gravitational uncertainty relation which is universal in nature. In standard
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literature [65-86, 104-107] the correction term in the generalized uncertainty relation, is
independent of the Planck’s constant which is very unlikely for a quantum gravitational
correction and the GUP parameter also is undefined. Our graviton-induced uncertainty
relation gets rid of these problems. We have finally written down the uncertainty relation for
a massless particle, which can be applied in cases of analyses where a massless scalar particle
is considered.
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Part 11

Quantum gravity phenomenology
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Chapter 5

Spontaneous emission of gravitons as
a signature of quantum gravity

In the first part of this thesis, we have mainly focused on the path integral quantization
and the theoretical aspects of a linearized quantum gravity theory. In this second part, we
shall be more focused on a phenomenological perspective of the quanta of linearized grav-
ity and its effect on the model system. We will also try to propose an experimental model
based on which graviton detection may be possible in the near future. Now the graviton-
detector interaction models have been quite thoroughly investigated in recent years [47-56].
All these considerations primarily consider a flat background spacetime with small gravi-
tational fluctuations, and then the gravitational fluctuations are quantized to incorporate
quantum gravitational effects into the model system. As discussed in the earlier chapters as
well, in [52-56], an interferometric detector setup is considered, which is modelled by a pair
of freely falling point-particles where one of the particles is way more massive than the other
particle!. This setup indeed mimics the arm of an ‘L’ shaped interferometer detector. The
geodesic deviation equation is then observed, which incorporates quantum gravitation noise
fluctuation, giving the equation an overall stochastic behaviour. All these analyses revolve
truly around a saddle-point approximation where the deviation in the classical equation of
motion is observed as a result of the quantum gravity setting. The other important aspect
of the analyses in [52-56] is that only the gravitational fluctuation part is treated from a full
quantum field theoretical viewpoint. In this chapter, we shall treat the linearized gravity part
as well as the matter part quantum mechanically. Apart from the ‘L’ shaped gravitational
wave observatories, the most simplest gravitational wave detector, proposed initially was the
Weber bar detector [116,117] proposed and made by J. Weber. He was also the first person
to create an experimental setup for gravitational wave observation. Now, in recent years,
there have been several works investigating the interaction of quantum matter with classical

n a few recent works [109, 110], investigations have been done for small parameter estimation where
quantum metrological techniques have been implemented. Using these techniques as a baseline, a new
generation of classical gravitational wave [111-113] as well as dark energy detectors [114] have been proposed,
where a Bose-Einstein condensate serves the purpose of a detector. In [115] quantum sensing techniques have
been used to make a proposal for a single-graviton detector.
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gravitational wave fluctuations [118-124] in various physical scenarios. Here, we work with
a more interesting model where both the matter part and the gravitational wave part are
treated quantum mechanically. In this model, we take the two-particle system from [53,54],
and place it inside a harmonic trap potential with a constant frequency. This model also
mimics the resonant Weber-bar detectors, and we then execute the canonical quantization
of both the matter as well as the gravitational fluctuation parts. We have then investigated
the simple transition between two states, where the transition happens due to the existence
of gravitons. This chapter is organized as follows.

In this chapter?, we start with the general model system and then move towards the canonical
quantization of the two parts of the system. Next, we calculate the absorption and emission
probabilities between two states of the joint model system and compare them with the classi-
cal counterpart, where the gravitational fluctuation is treated classically. Finally, we discuss
some experimental aspects and conclude our results.

5.1 The general model system and the canonical way
of quantization

The background model for the system in consideration is standard Minkowski background
with gravitational fluctuations upon it, which is expressed as

9ur = Nuk + hun (51)

where 7, is the Minkowski metric (diag{—1,1,1,1}) with px,x = {0, 1,2,3}. Here, we take
the speed of light to be unity, which will be restored later using a dimensional analysis.
In order to obtain the total Hamiltonian for the system, we first need to write down the
Einstein-Hilbert part of the action which is given by the analytical form

1
Sen = —— [ d*zv/—gR 5.2
EH = T~ 0y g (5.2)
with g denoting the determinant of the metric tensor g, and R being the Ricci scalar. Using
the background metric in eq.(5.1), and calculating the Ricci scalar up to second order in the
background fluctuation, we can recast the Einstein-Hilbert action in eq.(5.2) as

1

Spn =~ —— [ d*z (h 0" — hOh + 2h"*0,0,h — 2ha0,0° h**) (5.3)
647G

where in the above equation, we have made use of the fact that /=g ~ 1 + 6(h?) and this

higher order contribution has been dropped. The perturbation term has the gauge symmetry

given as

h;m = Eum + augc + a‘iCu . (54)

2This chapter is based on the publication S. Sen and S. Gangopadhyay, “Quantum gravity signatures in
gravitational wave detectors placed inside a harmonic trap potential”, Phys. Rev. D 110 (2024) 026008.
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It is now possible to impose the transverse-traceless gauge conditions that get rid of all
the redundant degrees of freedom leaving only two intact. The transverse-traceless gauge
condition can be expressed using a constant timelike vector n, = 0°, as

Oh" =0, h* =0, nh*®=0. (5.5)

a

Making use of the transverse-traceless gauge, we can write down the Einstein-Hilbert action
in eq.(5.3) as

1
647G

SEH = — /d4SE 8gﬁjk86ﬁjk (56)
where § € {0,1,2,3} and j,k € {1,2,3}. The Einstein Hilbert part of the action remains
same as the model discussed in Chapter(3). Here, we are considering a two-particle system
where the system is freely falling. One of the mass of the particle is way higher than the
other one and it is possible to consider the particle with the heavier mass to be on-shell.
With respect to the world line of the particle with the heavier mass, it is then appropriate
to describe the trajectory of the particle with the lighter mass using the Fermi-normal co-
ordinates (t,&7). The background spacetime metric can be expressed in terms of the Fermi
normal coordinates as

goo(t, &) = —1 — Rjoro(t, 0)E7€" + 0(&?)
G051, €) = — = Roige(1,0)€'€* + 0(¢%) (5.7)
Gij (£, &) = 045 — %Rikjl(t7 0)e* ¢ +6(&%) .

In the above equation & = \/&_8 denotes the spatial coordinate separation between two
particles (or two end points of the resonant bar detector). In the expression of the metric
elements, we observe that the Riemann curvature tensor depends only upon the coordinate
time. The primary reason behind it lies in the fact that the the tensor is evaluated on a
geodesic which is timelike. For small geodesic fluctuation over the Minkowski background,
the Riemann tensor stays invariant under a gauge transformation. It is therefore important
to note that under the change from the Fermi-normal coordinates to the transverse traceless
gauge, the Riemann curvature tensor remains the same. As we have discussed earlier in
Chapter(3), if the coordinate of the particle corresponding to the smaller mass is denoted by
9> = {t,&}, then the relativistic action corresponding to the point particle reads

Sp = —m, [ dr/9.9°9° (5.8)

where the the dot above §“ denotes derivative with respect to the proper time 7 of the
particle. One important aspect of the above action is that it is reprametrization invariant
and as a result it is always possible to change from the proper time of the particle to the
coordinate time t. The above model, as already has been discussed in Chapter(3), represents
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the arm of an interferometer detector where the dynamics of the heavier mass has been
neglected. Now, if the entire detector system is placed inside of a harmonic trap potential,
then it represents a resonating bar, the action of which reads

dge d%)8
s = < (o[-0 B 4 L) 59

Using the analytical form of the metric from eq.(5.7) and substituting it back in the above
equation, while keeping terms up to 0(£?), we can rewrite the action in eq.(5.9) as

.y Ny w2 o A
Srp = —mp/dt ((1 + Riojo(t,0)§'¢” — 5jk:§‘7§k> - 71) ((1+ Riojo(t,0)6°¢) £ + 5jk§]§k))
2
~ _mp/dt (1 + %ijo(@ 0)£'¢’ — %5@‘5‘%]‘ + %@jfifj)
(5.10)

where the terms that will not contribute towards the overall dynamics of the model system
have been dropped®. In the above equation the Riemann tensor Rinjo(t,0) in the transverse

traceless gauge has the form

1.
Rigjo(t,0) = _ihij(tao) - (5.11)

In eq.(5.10), one can get rid of the leading term as it has no contribution towards the overall
dynamics of the detector and recast it as

Srp ~ % / dt (%gigﬂ' + %hij (t,0)¢ — wﬁaijgigj> . (5.12)

The next step is to quantizing the model system. For that, we shall decompose the gravita-
tional fluctuation in the transverse traceless gauge in its discrete Fourier modes. Considering
the entire model system to be kept inside of a box of length L, it is possible to express h;;(t, &)
as

_ 1 o e
hug(.7) = = 3 byt R 7l (B) (5.13)

where €; (k) denotes the polarization tensor annd hy(t, k) denotes the graviton mode function

corresponding to the wave vector k= z%ﬁ with 7 € Z3. Making use of the above mode
decomposition in eq.(5.13), it is possible to write down the gauge fixed action corresponding
to the detector-gravity wave system as

S = S + Srp

m/dt h2 £, k) — K2R2(t, k)] +—/dt 5,687 — Z M) L(R)EET — wls,e'6

(5.14)

3The gravitational wave detector has a very small interaction time with the gravity wave and as a result
all contributions like O (3, £%¢?) can be neglected.
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where c¢ is set to unity. In the above equation m = denotes the effective mass cor-

167rhG2
responding to the gravitational wave part and k? = k- k. It is not necessary to consider

three spatial directions for a resonant bar detector. For a resonant bar detector, the length
is very large compared to the two perpendicular directions (y and z directions in our current
scenario). As a result, we can restrict ourselves to one spatial direction only, along which the
length of the resonant bar is aligned (z direction in our case). If the gravitational wave is
propagating along z direction with the wave vector k and frequency w = |E |, then the detector
is placed in its polarization plane (zy-plane), and for further simplification, we can restrict
the gravitational wave to carry plus polarization only. It is therefore possible to rewrite the
action for the model system in a much simplified form as

S = /dt [ 2h2( )) % (EQ(t) _ ngh(t)g(t)f(t) _ wif%t))] (515)

mp

with £(t) = £°(t), R[hy(t,k,)] = h(t) (where fluctuations in the y and z directions have
been neglected), and the detector field coupling constant being given as g = 5 m From the

action in eq.(5.15), it is possible to write down the total Lagrangian for the model system as

L= % <h2(t) - w2h2(t)) + % (SQ(t) - w§£2(t)) — gh(t)§(E() - (5.16)

Using the form of the Lagrangian in the above equation, it is now possible to write down the
analytical forms of the conjugate momenta to h(t) and £(t) as

oL oL
P = mh — §§ s =m f h§ 5.17
h = a 3 4 €= 8 5 S — 4 ( )
The Hamiltonian corresponding to the entire detector-harmonic oscillator system can be
expressed using the conjugate momentum variables from eq.(5.17), and the Lagrangian from

eq.(5.16) as
H= phh + Wgé —L

Ph ZPhTed
+2m + S 1 1 (5.18)
= . _p 7 Lo+ §mw2h2 + §mpw§§2
mmp

Now, the graviton-detector coupling is very weak, and as a result it is possible to express the
above analytical form of the Hamiltonian up to first order in the coupling constant as

H pi 4 Wg 4 apnme i 1 2p2 4 1 252 (5.19)
~ —mw — MW ) )
2m  2m, mm,, 2 2 Pr

As has already been discussed in Chapter(3), it is possible to write down the coupling constant
as a time-dependent function in a way such that the coupling constant portrays an adiabatic
turning on and off effect. One can write the coupling constant as g(t) — ¢/£(t), where
£(t)=0fort <t;and t > ty, and £(t; <t <ty) = 1. It is evident that the interaction of
the gravity wave with the detector starts at time ¢ = ¢; and continues up to the time ¢ = ¢.
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5.1.1 Quantizing the model system

The next step is quantizing the detector part as well as the gravitational wave part. To
quantize the detector, both the detector phase space variables { and m¢ needs to be raised
to operator status, and one needs to implement a standard canonical commutation relation

given by [é , 7%4 = t¢h. Similarly for quantizing the gravitational wave part, one needs to raise
the graviton mode function h and its canonical conjugate momentum 7, to operator status,
and implement the canonical commutation relation [iL, frh} = th. It is now possible to write

down the Hermitian Hamiltonian operator using the Hamiltonian in eq.(5.19) as

~9 ~2
A D, 1 979 o A urs 1 929 R <AA R A>
H=—"+- h 1rp + low — +-m +
(Zm 5w ) ® 1Irp cw @ (2mp 5 pWp& 2mmpph ® | ETe + el

(5.20)

where 1gw denotes the identity operator corresponding to the gravitational wave part and
1rp denotes the identity operator corresponding to the resonant bar detecto part. From the
form of the Hamiltonian operator in the above equation, it is evident that the Hamiltonian
can be separated into a base part and an interaction part. Analytically, one can write down
this separation as H= FIO —Hqint where the base and the interaction Hamiltonians are defined
as

~9 2
2 by, 1 272 A A e 1 242
Hy = | £+ —mw?h 1 1 S S 5.21
0 <2m e ) ®lap +lew ® (2mp T gms > (5:21)
A g R ~L o
.. = ( ) . 5.22
" Qmmpph® Efte + e (5.22)

If {b, b} denote the ladder operators corresponding to the gravitational wave part, and {C, (1}
denote the ladder operators corresponding to the detector part, then the position and their
conjugate momentum operators can be expressed in terms of the ladder operators as

h:,/%(lﬂé*), Pr =i @(iﬁ—l}); (5.23)

E= o (E401) o= igf e (&1 -0 (5.24)

2mpwp 2

where from the commutation relation among the phase space operators, it is possible to
obtain the commutation relation among the ladder operators as [13, lﬂ = [é , Qﬂ = 1%, For

the number operators corresponding to the gravitons (NGW = I;Tl;), and the number operator
corresponding to the detector (Ngp = ('(), it is possible to define their eigenstates as

Newlne) = nelne) , Neplng) = nglng) (5.25)

4Now if |0)gw denotes the zero particle state of the graviton part, and |0)rp denotes the ground state of
the detector, then b|0)gw = 0 and (|0)rp = 0.
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where ng denotes the number of gravitons in the state |ng), and ng gives the number of the
excited state of the resonant bar detector. In terms of the raising and lowering operators, it
is possible to express the Hamiltonian operator in eq.(5.20) as

- PO I . 1 h Rw o 2 a2
H:hw(bTb+§>®1RD+1Gw®hwp <g*c+§)— 2R G —he (-2 . (5.26)

2mmy, 2

It is important to note that at the time of beginning of the interaction (¢ = t¢;) of the
gravitational wave with the resonant bar detector, the state can be separable into a tensor
product of the graviton number state and the harmonic oscillator excited state as |1);) =
Ing,) ® |ng,) = |ng,,nr,). We also can safely assume that at the end of the interaction
t = ts, the final state of the system can be written as a tensor product state as well, |¢;) =
Ing,) ® [ngr,) = |ng,;,nr,). It is important to note that [1;) # [1s). In order to obtain the
analytical form of the transition probability for system to go from a state [¢);) to state |1)y),
we at first need to write down the interaction Hamiltonian in the interaction picture first,
which reads

AL (1

int

(1) = ero! Hypye "

= 2—pi(t) & (&' O + 7 (@)

P

(5.27)

where all the phase space operators from eq.(s)(5.23,5.24) are expressed in the interaction
picture (in terms of their corresponding ladder operators) as

» [ h - A myhw, /[ .
1 _ —iwpt T jiwpt ~ 1 — p"™p T iwpt —iwpt
£(t) G (Ce + (e ) , me(t) =i —5 <( e Ce ) (5.28)
R h o/~ . a mhw :
I _ —iwt T _iwt ~] — T iwt —twt
h'(t) = Py (be +b'e ) . pR(t) =iy —— 5 (b — be ) . (5.29)

With this basic model in hand, we shall now proceed towards calculating the transition
probability of the system for going from the initial state |¢;) to some state [i)y).

5.2 The Fermi-Golden rule in quantum gravity

In a linearized quantum gravity theory, we primarily work with perturbative models. In
quantum mechanics, the Fermi golden rule gives the transition rate between two quantum
states when there are small perturbations present in the system. It is possible to write down
the unitary time-evolution operator corresponding to the interaction Hamiltonian in eq.(5.27)

Ult,t)=9 {eXp( h/t dt' Hi (1 '))1

-1-3 / dt Hyy (1) + (“) / dt// dt" i, () B () +
ti
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where we have made use of the fact that the perturbation to the system is generated by the
graviton interaction with the resonant bar detector system. As the coupling constant ¢ in the
interaction Hamiltonian is very small, we can truncate the series up to the first order in the
interaction Hamiltonian in eq.(5.30). We can now calculate the transition amplitude of the
model system for going from an initial state |¢;) to some final state [1;) as (| U (¢, t;)|1;).
Now, it is important to note that |¢;) # |¢;), and as a result (¢¢|1p;) = 0. The transition
probability then reads

wAAd . 00l0) =~ [ ol Ao (5.31)
where we have dropped all higher order terms. Using the above equation, it is now possible

to calculate the transition amplitude of the system for going from the state |1;) = |ng,, ng,)
to the final state |¢;) = ]ngf,an> as

PRO() = (g1 ¢, 1) )|

[ attl)

g mwh

2

h2

N 2mmy, 2

t
e /na, + D, + 2) (i, + Don, e +10n, um 12 / b2t
t;

¢
B \/(nGl + Dng,(ng, — 1)6nt’nGi+15anvnRi—2/t\ dt’ ! w—2wp)t

t
_ \/nGi (TLRZ. + 2) (nRi + 1)5nt7nGi_15an7nRi+2/ dt/@_z(w—pr)t/
t;

2

t
1 —i(w+2wp)t’
—f-\/TLGl.TLRi(TLRi —1)5ntVnGi_15an7nRi_2/ dt' e »)
t;

(5.32)

where the entire term inside of the modulus square gives the transition amplitude. The
general approach now is to extend the limits of integration from ¢, — —oo to t — oc.
Using these limits of integration, it is possible to recast the analytical form of the transition
probability from eq.(5.32) as

PQG hw 7T2 g2
if 2mm2

- \/ nGi + 1)nRi (nRi - 1)5nt7”Gi+15ananRi_2 5(&) - 2(")17)

- \/nGi (nRi + 2) (nRi + 1)5ntanGi_15an7nRi+2 5(_0‘} + 2(")1?)
2

\/(nGi + 1)(nR¢ + 2) (nRi + 1)5nt7nGi+15an7nRi+2 (5((") + pr)

(5.33)

V16 nr, (MR, = 1)0ug, ng,~10n, nn,—2 0(—w — 2w,)

where we have made use of the integral representation of the delta function given by é(w; —
wy) = 5 [70 dxe'7#2)* The delta functions 6(w + 2w,) and §(—w — 2w,), gives non
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vanishing contribution when w = —2w,, which is an impossible scenario as both w and w,
are non-negative quantities. As a result the above two delta functions vanish, leading to the
analytical form of the transition probability as

hWﬂ'Q 2
Pz'?”G Selh & (\/(nGz + 1)nRi (nRi - 1)5nt7nGi+15an,nRi*2

o 2
Zmm;, 2 (5.34)
+\/nGz (nRz + 2)(”]{1 + ]‘>5nt 7”Gi715an7nRi+2) (52((/(.) o 2wp) :

One interesting thing to note from the above form of the transition probability is that the
transition in the energy states of the gravitational wave detector always happens in steps of
two whereas only a single graviton emission or absorption occurs. We shall now look at the
absorption and emission probabilities respectively for the gravitational wave detector.

5.2.1 The resonant absorption process

We consider that the detector is in its ground state and as a result ng, = 0. For ng, = 0, only
the second term in the analytical form of the transition probability from eq.(5.34) connects
implying that the second term only contributes in the overall transition probability provided
ngr; = ng, +2 = 2. For the transition probability to be truly non vanishing, the number of
gravitons in the final state of the system has to be ng, = ng, — 1. This implies that the
detector jumps from its ground state to its second excited state by absorbing a single graviton.
For the detector to be in the ground state, ng, = 0, the only non vanishing contribution to
the transition probability comes from the final state |¢;) = |ng, —1,2) and the corresponding
transition probability reads

Aneg. 3
P (w — 2w,) = WlL—hj&%?(w — %) . (5.35)

pG _ nGthTQQQ

(e

P

Here, we have made use of the analytical form of the effective mass m and the coupling
constant ¢. We shall compare the absorption probability for the graviton case with the
semiclassical case, where the gravitational wave behaves classically. In order to obtain the
semiclassical limit, we can just set the generalized uncertainty principle parameter to zero
in [121, 122] such that the detector phase space operators follow the standard Heisenberg
uncertainty principle. If a periodic and linearly polarized gravitational wave is considered
with the analytical form of the background fluctuation being given as (in the transverse-
traceless gauge) hy;(t) = 2fj, cos wt(exailj + e+a§’j), the transition probability for the system
to go from its ground state to the second excited state reads

1
PiY = §7T2 Pwe 6% (w — 2wp) (5.36)

where the analysis is restricted to the x direction only (the bar detector is placed along the
z-direction) with f; being the amplitude of the gravitational fluctuation. As €2 + €2 =1, for
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a plane polarized gravitational wave ei = 1, and this helps us to write down the transition
probability for a classical gravitational wave from eq.(5.36) as

PyY = fh7r 2w (w — 2wy) (5.37)

In order to truly compare the transition probability corresponding to the semiclassical case
with that of the quantum gravitational scenario, we start by considering the total energy
carried by a gravitational wave. If we consider that d& amount have energy has flown
through the area dof in the time-interval t = —oo to t = 0o, then the analytical expression
for the energy flux is given by [125]

d&
dt PRI .
dd ~ 321 G (5.38)
where the j, k indices are summed over and hj, = h1,"®, which denotes gravitational fluctu-

ation in the transverse traceless gauge. The temporal average is denoted using (---) in the
above equation. To arrive at the above analytical expression one needs to consider the entire
system to reside inside of a sphere of radius r, where the energy is passing through a solid
angle dQ) such that do/ = r2dQ. As our analysis is restricted to the x direction only, one can
write down the expression for energy from eq.(5.38) as

r? =  TT; TT
g_/d%‘_S%G/dQ/_mdt<hjk )

L )
- 8G ) +

(5.39)

where, we have used the fact that hll(¢t) = h,(t). There is a simple way to deal with the
temporal average. One can simply execute the time integral first and then the average can
be done which is nothing but an average over a constant parameter [125]. If h (¢) has the
analytical form h, (t) = 2f, coswt, which is periodic in nature, then we can restrict ourselves
from t € (—o0,00) to a single time cycle. A single time cycle for the above gravitational
wave ranges from ¢t =0 to t = %’T The amount of energy passing through the sphere, in one
time cycle, reads

r? fAw? ° mwr? f2
— dt sin? wt = h 5.40
& 5C /0 sin“ w °C ( )

We have primarily considered here a one dimensional model but we can consider the energy
to be passing through a three dimensional volume. The entire quantization has been done
using a box of side L but the energy transfer is being considered using a sphere. In order to
establish a relation, we consider a sphere of radius r = \% such that the midpoints of all the

5Here one needs to start from the expression h] khj k to approach the term inside of the temporal average
in eq.(5.38) as h; khﬂ’“ = gily kmp, khl ~ §ilgkmp, khlm +O(h?) ~ h]khjk
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Figure 5.1: A box of volume L? is compared with a sphere of radius \% such that the surface
area of both the sphere and the box are closest to each other signifying almost a similar
amount of transfer of energy through the surface of both of the geometrical objects.

sides of the box lies on the surface of the sphere. The surface area of the box is 6L% whereas
for the sphere, it is 2w L2. It is very straightforward to notice that 27 L? ~ 6.28 L%, which is
very close to the surface area of the box as has also been depicted in Fig.(5.1). Hence, the
standard identification is r = \%, which helps us to recast eq.(5.40) as

Twl? f?

4G
The above energy is carried by a classical gravitational wave with amplitude f; and frequency
w in a single time cycle through a sphere of radius r = % Now, if the gravitational wave is
quantized, then the same amount of energy will be carried by n¢g, number of gravitons with
a mode frequency w, and the total energy can be represented by & = ng,hw. We can now
equate this energy expression with the analytical form of total energy carried in eq.(5.41),
which gives us the analytical expression for the amplitude f; as

2 4ngth
fh = 2 .
L
The next step is to find an analytical expression for L when we are considering a single
time cycle. The box of length L in consideration simply implies the fact that the graviton-

& = (5.41)

(5.42)
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detector interaction and the corresponding consequences are confined inside of this finite
volume V' = L3. Now, we have considered in eq.(5.40) that the amount of energy & is
transferred within a time interval of ¢ € [0, %r] In this time At = t; —t;, = %’r, a path of
Ag = cAt|o1 = %T is travelled by the gravitational wave®. It is therefore logical to consider
a sphere of radius A\g and place the harmonic oscillator at the centre of the sphere, which
results in the confinement of all the detector-gravitational wave interaction within a single
time cycle. To relate the box volume L with A\g, we can stretch the box such that it fits on
the sphere by joining four points in one side to a single point and also squeezing the points
in the opposite plane and merging them in a single point which gives the value of L to be

L~7)\g= QMLQ The analytical form of fZ in eq.(5.42) then becomes

fir®

wG

ng,w’hG

2:
fh 75

—= ng,lw =

. (5.43)

Using the above equation along with the analytical form of L in eq.(5.35), we arrive at the
. ... .. QG
expression for the transition probability Fy;~ as

P3¢ = %ﬂ2f5w252(a} — 2wy) (5.44)
which is identical to the transition probability for the semiclassical result P5y in eq.(5.37).
This a remarkable result which shows that by using the energy-flux relation in eq.(5.38)
and considering the gravitational wave to be a combination of ng, number of gravitons,
the semiclassical result (where the transition in a quantum detector is caused by a classical
gravitational wave) can be reproduced exactly. This is an excellent analogy between the
semiclassical treatment and the quantum gravity treatment. This resonant absorption of
gravitons case is identical to the semiclassical results whereas the emission process packs a
little bit more interesting outcomes.

5.2.2 The spontaneous emission process

In the previous subsection, we have considered the transition of the resonant bar detector
from the ground state to its second excited state, when resonant absorption of gravitons
takes place. We now consider the opposite scenario, when the detector de-excites via the
emission of gravitons. If the initial state of the system reads |¢;) = |ng,,2), then the
transition probability will satisfy the non-vanishing condition provided that the final state is
|Y¢) = |ng, +1,0). From eq.(5.34), we find the form of the transition probability to be

AhwGT3

G

6w — 2w,) (5.45)

It is quite evident from the analytical form of the above de-excitation probability PQ%G that
it is not equal to the transition probability P2C from eq.(5.35). However from the analyses

6The gravitational wave travels at the speed of light [125].
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[120-124], one can easily observe that in the Heisenberg’s uncertainty principle scenario,
PSC = PSC. If we now consider ¢, = 0, then from eq.(5.35), we find out that Py = 0. In
this same limit, we arrive at the analytical form of the transition probability PQ% as

4hwGn3
PR g0 = 752(00 — 2wp) -
hGw?* (5.46)
=53 0% (w — 2wy)

where in the last line of the above equation, we have substituted the analytical expression
for L. It is important to note that the initial state of the system in this 75, — 0 limit goes
to ;) = 10,2). The initial state indicates that there are no gravitons initially, however,
the detector descends to its ground state by spontaneously emitting a single graviton. This
spontaneous emission of gravitons is a result of the quantum gravitational treatment, which
results in a degenerate parametric down conversion process. In nature, if in a non-linear
optical process a photon is spontaneously generated from two or more excitations, then
it is called a parametric down conversion process. Here, we observe the exact gravitational
analogue of the parametric down conversion process, which results in the asymmetry between
the absorption and emission processes. In order to obtain the analytical form of the transition
probability in eq.(5.46), we have assumed that the initial graviton state is a vacuum state.
Hence, it is quite logical to consider that the vacuum fluctuations surrounding the detector
results in the spontaneous emission of a single graviton. We shall now look at some important
phenomenological aspects of the model in the next subsection.

5.2.3 Phenomenological aspects of the model

The primary aim of resonant bar detectors (or large interferometric detectors inside harmonic
trap potentials) is to capture gravitational wave signals. Till now the detected gravitational
wave frequencies by the LIGO-VIRGO detectors lie in the range of w ~ 10* Hz. For a
resonant bar detector (detection of gravitational waves using a resonant bar detector has not
yet been achieved), the detection frequency can be as high as w ~ 10* Hz as well. For w = 10*
Hz, the frequency of the bar detector must be w, = 5 x 10* Hz for the resonance condition
to get satisfied. It is then possible to obtain the analytical form of the spontaneous emission
probability from eq.(5.46) to be PQ%G|nGi_>0 ~ (107" sec™?)6%*(w—2w,). The typical amplitude
for a gravitational wave is f;, ~ 1072! and using the value of fj,, the semiclassical de-excitation
probability takes the form P5C = (10733 sec™2)§?(w — 2w,). The transition probability for
ne, + 1 number of gravitons read PR = (ng, + 1)P2%G\nciﬁo. For a very large value of
gravitons ng, in the initial quantum state, ng, + 1 ~ ng,. It is then possible to compare
the semiclassical result with the quantum gravitational result which gives ng, ~ 10%. This
implies that 10%° gravitons carry the total energy & through the region, where the system
is kept in the time interval ¢ € |0, Qw—”] One can now consider a single bar detector with a
finite diameter to be a combination of a finite number of “one dimensional” resonant bars.
The “one dimensional” bars can have diameter which can have the minimum value equal to
the diameter of an atom. For an atom, its radius is approximately equal to rmp, ~ 3 x 10710
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m. Now for a resonant bar with a diameter of almost one meter, one can consider it to be
a combination of N number of “one dimensional” bar detectors with its width being of the
order of the atomic diameter. It is then possible to estimate the maximum value of N to be
Npax = 7;5?—5)2 ~ 10'®. Hence, a resonant bar detector with its diameter of the order of one
meter can be considered as a combination of N number of one dimensional cylinders, where
the maximum value of N is of the order of 10" with the frequency of oscillation being w,".
For spontaneous emission of single gravitons, the maximum total transition probability is
just Npax multiplied by PQ%G|HGZ_ _,0, which gives the total transition probability to be PQ%it =
(107°° sec™2)6%*(w — 2w,). Another important thing to note that when the resonant condition
gets satisfied, the Dirac-delta function becomes infinite and as result significantly enhances
the total transition probability in case of spontaneous emission of single gravitons by each
of the one dimensional cylindrical detectors. In a realistic scenario, however, the integration
limits does not extend from —oo to oo, and therefore a significant amount of enhancement
of the signal will be observed instead of a massive spike. After a spontaneous emission, the
initial vacuum graviton state will now consist of a single graviton and a collection of such
a large number of graviton from N number of bar detectors, which shall create a combined
perturbation. This combined perturbation can be considered to be similar to a gravitational
fluorescence-like effect. In such a scenario, in all possible directions, graviton emissions shall
occur. This effect will be so small that it will be almost impossible to detect using current
experimental set-ups. The only plausible solution to this is to satisfy the resonance condition
such that the transition probability becomes so high that even with absolutely minimum
evidence of the classical gravitational wave detection, spontaneous emission in the detector
shall occur. Another way is to increase the diameter to increase graviton emission during
such spontaneous emission phenomena. It shall be also interesting to see if a large harmonic
trap potential is created to embed interferometer detectors, which shall be more efficient
in detecting spontaneous emission effects indicating a concrete existence of the quanta of
linearized gravity.

5.3 Discussion and conclusion

In this work, we consider a gravitational wave detector placed inside a harmonic trap potential
with a fixed frequency, where this set-up mimics the case of a Weber bar detector. We start
with the standard Einstein-Hilbert action corresponding to the gravitational fluctuations over
the Minkowski spacetime. For the detector part, we consider the two-particle model, where
the lighter mass trajectory is described by Fermi-normal coordinates with respect to the
world-line of the particle with the heavier mass. Now the entire system is put in a harmonic
oscillator potential, which mimics the scenario of a resonant bar detector or an interferometric
detector placed inside of a harmonic trap potential. From the action of the model system, we
have then written down the Hamiltonian for the model system, and quantize the model by

It is important to note that all of the one dimensional resonant bar detectors have the same length and
they are also composed of the same material as has been considered in our current analysis. This consideration
results in the identical frequency for each of the one dimensional bar detectors.
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raising the phase space variables corresponding to the gravitational wave as well the detector
part to operator status and by implementing appropriate canonical commutation relations
between the position operators and their conjugate momentum operator. We have then
separated the base part and the interaction part of the Hamiltonian. With the interaction
Hamiltonian in hand, we have then mainly focused on the scenario of the excitation and
de-excitation of the gravitational wave detector via absorption or emission of gravitons. We
have then obtained the transition amplitude and calculated the transition probability for the
detector-graviton state to go from some initial tensor product state (where the tensor product
is between the energy eigenstate of the detector and the number state of the graviton) to
some final tensor product state. We consider the specific case of the detector to go from
its ground state to the second excited state and vice-versa. We at first considered the case
when the detector gets excited from its ground state and go to its second excited state
via the absorption of a graviton. Making use of the energy flux relation for a classical
gravitational wave and considering the gravitational wave to be combination of ng, number
of gravitons, we find out that the transition probability for the resonant absorption case in
this quantum gravitational set-up is identical to the case of a classical gravitational wave
interacting with the resonant bar detector. The distinct feature although comes from the
case when we consider the de-excitation scenario, where the detector comes down from the
second excited state to its ground state via the emission of a graviton. Now the important
observation lies in the fact that if the initial graviton state is in a vacuum state and the
initial state of the detector is its second energy eigenstate, even then the detector comes
down to its ground state via the emission of a single graviton. This is purely a quantum
gravitational phenomena and is absent in a semiclassical scenario. For the semiclassical case,
both the transition and absorption probabilities are exactly the same. In this quantum gravity
setting, if the initial graviton state is vacuum state, then the resonant absorption probability
vanishes whereas the transition probability for the emission case gives a non-zero outcome.
This phenomena is indicative of the spontaneous emission process of gravitons. This is the
most important outcome of this analysis. If a spontaneous emission of gravitons is observed,
which if happens at a very large scale, then it will generate small gravitational fluctuations
in all possible directions. If such a phenomena is detected then it will be a stern indication
of the existence of the quantum nature of gravity. In an analysis, where the gravitational
perturbations are treated classically, it is not possible to obtain a spontaneous emission
process. It is possible to increase the transition probability in the spontaneous emission of
gravitons scenario via considering a resonant bar detector with a large enough diameter while
the resonance condition is perfectly satisfied. Instead of a resonant bar detector, it is more
prudent to use an interferometric detector placed inside of a harmonic trap potential as they
are way more accurate in picking up gravitational wave signals. However, making such a
large harmonic trap is a bit challenging. On the other hand, very small fluctuations in the
Earth’s gravitational field and other distinguished sources can generate small perturbations
in the measurement, which needs to be properly taken care of while building a gravitational
wave detector capable of picking up small background fluctuations generated by a collection
of gravitons. In the next two chapters, we propose a Bose-Einstein condensate based graviton
detector which may be able to pick up graviton signatures in very near future.
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Chapter 6

Bose-Einstein condensate as a probe
to detect quantum nature of gravity

Prof. Satyendranath Bose in his seminal work [126] derived the Planck’s radiation law which
led to the invention of the Bose statistics. Albert Einstein applied this new statistics into
matter systems which led to the analytical models of an ideal Bose gas governed by the Bose
statistics [127,128]. Consider a system of bosonic particles inside a box of a fixed volume.
Now at a very high temperature the gas molecules (atoms) behave like bullets or billiards ball
executing an absolutely random motion. Now if the temperature of the system is lowered then
the gas molecules start to lose energy and as a result the de Broglie wavelength of the particles
starts to increase in length the matter-like behaviour starts dominating with a decreasing
temperature. As has been shown in Fig.(6.1), if the temperature is lowered to such a value
(T = T¢) that the de Broglie wavelength is of the order of the inter-atomic separation, the
matter-waves corresponding to each of the bosons start to superpose with each other. This
phenomena is called a Bose-Einstein condensation and this new state of matter is termed as a
Bose-FEinstein condensate. At T' = 0, all the bosons occupy the ground state creating a pure
Bose-Einstein condensate. The Bose-Einstein condensate was first experimentally created

High temperature T Low temperature T 'T = Tc T=0
"Billiard balls" "Wave packets" Bose-Einstein Condensate Pure BEC
"Matter wave overlap” "Giant matter wave"

Figure 6.1: A pictorial representation of the formation of a Bose-Einstein condensate.

in a gas of Rubidium atoms in 1995 [129], and later that year in a gas of Sodium atoms
[130]. In [111], a quasi (141)-dimensional Bose-Einstein condensate at zero temperature has
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been considered, where the boundary conditions were considered to be fluctuating in nature.
They have proposed a gravitational wave detector using there model of the Bose-Einstein
condensate. In [131], the interaction between a non-relativistic Bose-Einstein condensate
with a classical gravitational wave has been considered. Later the idea proposed in [111] was
extended to a (3+1)-dimensional model of the relativistic Bose-Einstein condensate where
the gravitational wave has a template similar to a gravitational wave burst [113,132]. In
[113,132], the quantum Fisher information between two nearby single mode phonon states
have been calculated where the quantum Fisher information is a quantifier of the information
content of the gravitational wave in the Bose-Einstein condensate. Very recently, in [114], an
experimental dark energy detection model using a Bose-Einstein condensate has also been
proposed. The primary aim of any such phenomenological approach is to pinpoint the most
fundamental aspects of a rigorous theoretical model and then unearth certain important
experimental and application based accepts of that fundamental property. This chapter
investigates the profoundness of the idea that an exotic state of matter like a Bose-Einstein
condensate will be able to pick up signatures of quantum gravity better than other existing
models. This chapter is organized as follows.

In this chapter!, we shall start with the basics of quantum metrology where we shall discuss
some important quantum metrological techniques required for understanding the phenomeno-
logical aspects of a relativistic Bose-Einstein condensate in a flat background with quantum
gravitational fluctuations on it. . We then move on to analytical understanding of a Bose-
Einstein condensation while treated in non-relativistic setting. Next, we shall discuss the rel-
ativistic BEC-graviton interaction model and will analytically calculate the quantum gravity
signatures in the BEC and discuss about its phenomenological aspects. Finally, making use
of the quantum metrological techniques we shall investigate the response of Bose-Einstein
condensate to noise fluctuations generated due to the quantum nature of linearized gravity
and compare it with the sensitivity curve of the upcoming space based gravitational wave
observatory.

6.1 Quantum metrology

In this section, we shall primarily investigate the quantum metrological techniques required
for our current analysis. The required estimation parameter for a gravitational wave detection
(in our case gravitons) is its amplitude. To correctly measure the amplitude one needs to
estimate the error or the standard deviation in the measurement of this estimation parameter.
In order to truly estimate the standard deviation, we start with the derivation of the Cramér-
Rao bound involving the classical Fisher information?.

IThis chapter is based on the publication S. Sen and S. Gangopadhyay, “Probing the quantum nature of
gravity using a Bose-Einstein condensate”, Phys. Rev. D 110 (2024) 026014.

2For a concise discussion see S. L. Braunstein and C. M. Caves, “Statistical Distance and the Geometry
of Quantum States”, Phys. Rev. Lett. 72 (1994) 3439.
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6.1.1 Cramér-Rao bound and the Fisher information

The primary aim of this subsection is to distinguish two nearby quantum states based on
the estimation of a parameter. One can start by considering the space of density operators
where p(¥) gives a curve on it with ¥ being the parameter. Here we follow the derivation
given in [133]. One can now consider a space made of density operator which depends on the
parameter 9. Hence, distinguishing between two neighbouring density operators is dependent
solely on the precision of determining the parameter 1. Here, one needs to use generalized
measurements [134,135] which obeys the ground rules of quantum mechanics.
Consider a set of non-negative, Hermitian operators M (¢) such that

[ dcaio -1 (6.1)

with ¢ labelling the results of the measurement, then such a measurement is also termed
as a ‘generalized measurement’. For a result (or outcome due to the measurement) ¢, the
probability density provided the parameter value is ¥ reads

p(ClY) = tr [ (C)p(9)] - (6:2)
For 9 number of independent measurements, consider that the outcomes are (i, (s, - , (n.
It is therefore possible to estimate the value of the parameter 9 via an estimation parameter
dependent on this ¢ number of independent parameters defined as Vg = ¥g((1, (2, -, Cn)-
The deviation of the parameter ¢ from the estimated parameter Jg is given as
Vg
= 6.3
) d(VE)v ( )
a

where the 2YE) term is introduced to equate the unit of the estimation parameter with the

)
parameter ¥). Then the estimation parameter g can be recast as
d(v
O = (9 + 60) ‘ < d;” (6.4)

In order to obtain the Cramér-Rao bound, we start by writing down a standard identity as

/ 0, -~ dén p(Gl) - - p(Cal) (W — (D)) =0 . (6.5)

Defining a new quantity Adg = Jg — (Jg)y and differentiating both sides of the above
equation with respect to the parameter 1, we arrive at the following relation

Lol 1 )
Gy~ o0 T pGln) o )ME 66

- [ dea i) plcal) D522 < 0.

[ 6 den pa19) - plcald (p
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Defining py(d¢) = d(y - - - dCn p((1]0) - - - p(Cn|?P), we can write the above equation in a much
more simplified form as

9l [p(Gl9)]  9(We)s
/uﬁ(dC)AﬁE; 5 =55 (6.7)
where we have made use of the relation [ py(d¢) = 1. In order to obtain the Cramér-Rao
bound, we need to make use of the Cauchy-Schwarz inequality. Now, we need to make
use of the Holder’s inequality [136] (although initially found in 1888 by Leonard James
Rogers) and from there obtain the Cramér-Rao bound. Consider two vector-valued functions
F ={F, P, ,Fn} and & = {,&,,--- ,Ey} on a measurable subset K of RY, then

the inequality has the form given by
N 1
[/ ude) Y |?j(€’)|q] (6.8)
K =

JCEINAGGIE [ [ ey i

where p, q € [1,00). For the derivation of the Cramér-Rao bound one needs to set p = g = 2
in the above equation. Making use of eq.(6.8), one can write down an inequality for the left
hand side of eq.(6.7) as

(SEE

/Nﬁ(doAﬁEé% < [/ (d¢) Zm: (aln Ckw) ] Uuﬁ(dC)(MEPF :

- (6.9)

One can simplify the first term inside of the parenthesis in the right hand side of the above
equation in the following way

D> R e I S Hmcﬂm P s [ )] ]

B Z/ dg’“p«iw) (813%5'19))2

= NI (V)

(6.10)

where the classical Fisher information #(¢) is defined as

_ 1 (ap(cl))?
70)= [ e (P57 (611)

Making use of eq.(6.7) and taking square of the both sides of eq.(6.9), we can write down the
form of Holder’s inequality as

(%5 < mrianm, (6.12)
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Using the expression of AYg and the form of ¥g from eq.(6.4), we can write down the above
inequality as

<a<ﬁE>ﬂ) <RI () ((92)9 — (V5)2)

oY

o) , (6.13)
=NI (V) (((AD)?)g + ((A6Y)?)g + 2(050) g — 2(0)9(6V) ) (a—gﬂ) .

In order to obtain the final form of the Cramér-Rao bound, we take the §¢ — 0 limit which

indicates that the value of the parameter approaches the value of the estimation parameter.

Hence, in the §¢ — 0 limit, we can recast the inequality in eq.(6.13) as

1

(2%, 2 505

(6.14)

which is the well known form of the Cramér-Rao bound®. Now, if the parameter ¥ in
consideration belongs to a quantum mechanical system then one needs to modify the Cramér-
Rao bound by replacing the classical Fisher information by the quantum Fisher information.
The quantum Fisher information is defined as [133]

(V) = max J(9) . (6.15)
{4()}
It is important to note that all of the measurements is taken into consideration while writing

eq.(6.15). One can then write down the new Cramér-Rao bound for a quantum mechanical

system as
1 1

1ZNI0) Z R W)

((A0)?) (6.16)

6.1.2 Fidelity and quantum Fisher information

From the discussion in the previous subsection, we have found out that the uncertainty in
a parameter is related to the quantum Fisher information by the inequality in eq.(6.16). As
has already been discussed, that the space made of density parameters is dependent upon
this parameter ). The first task therefore is to wrote down a distance between two quantum
states or density operators.

Fidelity

The measure of distance between two density operators p; and ps is given by an entity called
Fidelity which is defined as

Folprop) = 1 |\ Vi (6.17)

30ur final form of the bound slightly differs from the structure obtained in [133] where the left hand side
of the inequality reads ((699)2)y. Here instead we obtain the square of the standard deviation in 9 as the left
hand side of the inequality obtained in eq.(6.14).
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Po+ds

Figure 6.2: Two nearby density matrices are placed on the perimeter of an unit circle, where
dyp denotes the Bures angle and dsg denotes the geometric distance also known as the Bures
distance between the two nearby quantum states py and pyqs.

This Fidelity is indeed symmetric in its input is considered to be a good measure of distance
between two quantum states [137]. Fidelity is a measure of overlap between the density
operators p; and po and thus indicates how much one state can influence other state. One
can also make use of the square of the quantity in the right hand side of eq.(6.17) and a term
it as the new Fidelity as

F(p1, p2) = (tr \/Eﬁm/E)z : (6.18)

Here, both Fp(p1, p2) and F(p1, p2) are good measures of distance between the two density
operators p; and ps but we shall make use of the definition in eq.(6.18) for our current
analysis. Our next aim is to express the quantum Fisher information in terms of the fidelity
between two nearby quantum states.

Quantum Fisher information in terms of fidelity between two quantum states

To express the quantum Fisher information in terms of the Fidelity we need to look at the
geometric representation of the space of density operators as points on the perimeter of a
unit circle. As can be seen from Fig.(6.2), the two nearby density operators are separated by
a distance ds on the unit circle and the two rays corresponding to the two densioty operators
make an angle dpp at the center of the unit circle. This angle dyp is termed as the Bures
angle. The Bures angle is related to the fidelity between the operators py and py 49 by the

relation [138]
cosdpp = \/ F (pg, poras) - (6.19)

Now from Fig.(6.2), it is easy to observe that dyp is very small as the density operators are
very close to each other and therefore up to 0(dy%), one can expand the left hand side of
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the above equation as *

d 2
cosdpp = 1 — "B 4 0(doh) = /F (pa. poras)
2 (6.20)

= dyp = \/2 — 2/ F (p9, po+av)

where for writing down the last line in the above equation all of the higher order contributions
have been dropped off. Now, the Bures metric ds% between the two nearby density operators
is defined by the relation [140-143]

dsy = }l%(ﬁ)dﬂz (6.21)

where # () denotes the quantum Fisher information defined in eq.(6.16). From Fig.(6.2),
we can write down dsg = R¢ sindypg where the radius of the unit circle Re = 1. As dyp is
very small, up to first order in dypg we can write down the following relation

dsp = sindpp ~ dpg — O(dy?)

1 6.22
—— ngB:§\/%(79)d79:dSB ( )
where in the last line of the above equation we have truncated all of the higher order terms
and made use of eq.(6.21). Hence, comparing eq.(6.22) with eq.(6.20), we arrive at the
following relation [133, 142]

8 (1 —VF(po, ,019+d19))
(9) = — . (6.23)

The above equation gives the form of the quantum Fisher information in terms of Fidelity
between two nearby quantum states dependent on the parameter 1.

6.1.3 Covariance matrix approach for Gaussian states of an n-
mode bosonic system

In this subsection, we shall briefly describe the covariance matrix formalism and finally
calculate the covariance matrix corresponding to as single mode of an n-mode bosonic system.
This formalism has been used to investigate entanglement generation and sharing in quantum
field theoretic models [144—-146].
We start by defining the generalized phase space operators corresponding to the k-th mode
of an n-mode bosonic system as

X h B Bl 5 _ . [mphwp (. gt .
P = S <akB +ay ) = (af —af) (6.24)

“4For a detailed calculation obtained in the above equation one should see [139].
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with mp denoting the mass of the field and wg denoting the phonon frequency. In the above

relation the creation (af) and annihilation operators (a;’ ") are defined as

) Bt
ap lpr) =\/pElpk — 1), ag' lpg) = \/pE + 1Ipi + 1) (6.25)

where p? denotes the number of bosonic particles in the k-th energy state and the vacuum
state corresponding to the k-th energy mode is defined as aZ?|02) = 0. Now the creation and
annihilation operators satisfy the following commutation relations

@2 aP" =65, [a8,af] = a8 aPT =0 (6.26)

Using the above commutation relations between the ladder operators, one can write down
the commutation relations between the generalized position and momentum operators in
eq.(6.24) as

(@7, 0] = ihdg (27,37 =[], o] =0 (6.27)
where 7,k = 1,...,n. For an n mode bosonic system, it is then possible to write down a

column matrix of the form
\/m_WB i’B
s:

~B
vmhwp D1
VI
1~ 5B
vmhwp Dn
where 2n in the suffix of r denotes the number of elements of the column matrix. One can
define a commutation relation between the new operator valued matrix r and its transpose
as

T
[r2m rgn] = rQTLrgn - (rQTLrgn)
no (6.29)
= D 109
k=1

where the commutation relations in eq.(6.27) have been used and oy denotes the second Pauli
spin matrix. For a single mode bosonic system one then obtains the result [Iy, rl] = ios.
Denoting the column matrix s, just by I, it is possible to write down the covariance matrix
corresponding to an n-mode bosonic system with density matrix p as

S = 50, R — (6 (6.30

where the expectation is taken with respect to the state of the system (here the density
matrix is concerned). We shall now try to obtain the analytical form of the density matrix of
a single mode (j-th mode) of an n-mode bosonic system in thermal equilibrium. The density

matrix reads X
. e P
py=—— (6.31)
tr [e*ﬁH }
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1
kpT

ﬁj = th&;r-&j with wp being the frequency of each of the phonon modes. Substituting the
form of the Hamiltonian in the above equation, the density matrix can simply be expressed
as

where [ = with 7" being the temperature and kg being the Boltzmann constant and

[nZ)(nBle=7ef
0

"M

n

TS e )
Ple Y A
5 / (6:32)
_ _3nB
= (1) Y )Pt
nsz
Defining a new temperature-dependent constant parameter, 4 (1) = m, one can
recast the one mode form of the density matrix as
L ' B\, B
= X (Gh) e (6.33)

nf=0
The above expression for the single-mode density matrix of an n-mode bosonic system will
be necessary when calculating the covariance matrix corresponding to the Bose-Einstein
condensate. From the form of the density matrix in the above equation, it is easy to check
that
(rj) =trlr;p;] =0, (rj)=0. (6.34)

Hence, the form of the covariance matrix with all of its elements for a single mode reads

5= %({r, (Ty) = %tr {re"ys] (6.35)

For the j-th sector of the covariance matrix, one needs to consider only the I; column matrix
/TMBWE 4.8
with r; = < P AJB> and its transpose matrix I’?. For the j-th sector the anti-commutator
vVmphwp pj
of rj and r] reads

2 ~B2 1 (~BAB ~B~B
{ririt=rrj+ (rer)T =11 Bminij B % pg +Zg2xj ) : (6.36)
’ ’ ’ i (@707 + pPa7) mphop

Using the analytical form of the anti-commutator from the above equation and the mode
expansion of the position and momentum operators from eq.(6.24), it is now possible to
obtain the elements covariance matrix corresponding to the j-th bosonic mode from eq.(6.35).
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We start by computing the {0,0} component of the covariance matrix.

1 2mpw 2
00 BWB .p2 .
1 ~B2 | ~Bf ~Bt~B -
= §tr [(a] +a; +2a; a; + 1> ]} (6.37)
0o 00 B
1 B{ (o:Bt B 1 VRS B\ /1B|, B
=5 7l (2% +1) = Do () DD
nP=0 12=0
Now, as /Viﬂ is always less than one, it is possible to execute the infinite sum in the last line

of the above equation and then we can recast the {0,0} element of the density matrix as

2N +1
00 __
o= (6.38)

Similarly one can obtain the other components of the covariance matrix as

2N + 1
01 _ y10 __ 11 _
S =50 =0, and Tj' = = (6.39)

Making use of eq.(s)(6.38,6.39), we can write down the covariance matrix corresponding to
the j-th sector of an n-mode bosonic system as

5,(T) = w ([1) ?) | (6.40)

Now for absolute zero temperature, 7' = 0, S(T) — oo and as a result 4 (T) — 0. At
absolute zero temperature an ideal Bose-gas will create a giant matter wave packet which is
also known as pure Bose-Einstein condensate. As a result at absolute zero temperature, we
obtain the covariance matrix corresponding to a single mode of a Bose-Einstein condensate
as

Sprc(0) = % (é (1)) (6.41)

where the j subscript is omitted.

6.2 Nonrelativistic Bose-Einstein condensate
In this section, we shall be more inclined towards understanding the low-temperature be-

haviour of non-relativistic gas of bosons in the presence and absence of inter-atomic interac-
tions. At first, we shall start by considering an ideal gas system.

104



6.2.1 Ideal Bose gas

We start by considering an ideal gas where the inter-molecular interaction is negligible.
Considering the j-th boson to have an energy of &;, the number of particles in the ideal Bose
gas can be expressed as [147]

(6.42)

where the above equation is also known as the Bose-Einstein distribution function. In the
above equation p gives the chemical potential for the system of particles. For n particles
are kept inside a volume Vi in three spatial dimensions, then the volume of the phase space
available to the members of the system is given by the expression

Y = / / &g & p (6.43)

and the expression for the number of microstates Nx(pys) which are available to a single free
particle where ), < p reads

1 1 47Tp§’\/[VE
Nspar) = g [ o [ @ gdin = 5 (6.44)
2<p

with m being the mass and F being the energy of the particle. One can then easily obtain
from eq.(6.44), the number of microstates lying in the momentum range {p, p + dp} as

dNx(p Vs
f(p)dp = 629( )dp = h—§47rp2dp : (6.45)

If mp is the mass of the particle with & being its energy then the momentum reads p =

Vv2mp& and it is possible to recast eq.(6.45) as

2 Vg
h3

F(p)dp = g(®)dE = (2mp)? €2d% | (6.46)
It is important to note that the above weight factor becomes zero for the energy level with
zero energy. Now in a quantum mechanical calculation it is not correct to give zero weight to
a particular energy level. One can therefore just take out the zero energy level contribution
as a whole. The equation of state for an ideal Bose gas is now given by

5‘/7% = — Zln [1 — ze‘ﬁgf}
7 J (6.47)
=— Zln [1—%e P —In[l — %]
Z#0
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where z = e is the fugacity of the ideal gas, 8 = T and &, = 0. For a continuous

spectrum of the energy &, it is possible to recast eq.(6.4 )
P 27 (2m)?

o 1
de €3 1n [1 —BEl _ ___1n[1 — 6.48
T e /0 zn [ xe } s n[l — x| ( )

where as the weight factor is zero at & = 0, we can write the integration limits from zero
to infinity. In the next subsection, we shall investigate the condensation procedure and the
analytical form of the critical temperature for the formation of a Bose-Einstein condensate.
Hence, if the system temperature is lowered below Tg, condensation will occur, where the
system will be a mixture of a normal phase in the excited state with number of particles
equal to Ng and a Bose-Einstein condensate phase in the ground state, consisting of
Ng = N — Ng  number of particles.

6.2.2 Bose-Einstein condensation and the critical temperature

The number of particles in an ideal Bose gas can be recast as

1
Np = Z 188 _ |

%
_Z eﬁgf—l 1—:5'

J7#0

(6.49)

Again going to the continuous energy spectrum consideration, Ng can be rewritten as

3
271"/2 (2771]3)E o 1 1 x
s /O IEE:— o+ , (6.50)

Np =
B 1—x%

If N denotes the number of particles in the ground state of the system then it is easy to
identify from the above equation that

% NY
NS = — x= D
CI CTND 1

(6.51)

The above expression implies that 0 < % < 1 where x ~ 1 for very large values of N%. It is
then possible to recast eq.(6.50) as

N|w

NE . NB —Ng . 27T(27TLB)

Vs o VR
with NVj; denoting the number of particles in the excited state of the bosonic system. Making
a change of variables ke = &, we can recast the above expression as

x1ef — 1

/ fEE— (6.52)
0

ol

Ng 2w (2mpkpT 1 1
vB _ ( mhi BT) / dﬁg/ﬁ?éﬁ
> 70 zoer T (6.53)
2T (2mB/<:BT)§

= TP (3/2) gy (+)
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with g=(x) denote the Bose-Einstein distribution functions, the analytical forms of which

are given as [147]
1 © d =-1
R

106
') 2 zge 1 (6.54)
x?  x

=%tz gzt
We can further simplify the expression in eq.(6.54) and write it as

Ng 1

Ve gﬁg(%) (6.55)

h

where the constant Ap is defined as \p = ———+ .
(2rmpkpT)?2

It is easy to check from eq, that with increasing value of x the value of the Bose-Einstein
function g=(x) increases. Now the maximum value of the fugacity is unity and as a result

g=(%) obeys the inequality g=(x) < g=(1). For Z = 2, we have the inequality

g3(2) < g3 (1) = ((3/2) (6.56)

where ((3/2) = g%(l) denotes the Riemann zeta function with argument 2 which has the
numerical value approximately equals to 2.61238. Hence, using the inequality in eq.(6.56),
it is possible to give a bound on the number of particles in the excited state of the system
from eq.(6.55) as

eV
Np < /\—3C (3/2)
B \ (6.57)
(QWmBkBT) 2
B3
If the total number of particles N is greater than the right hand side of the above expression

3
then the all the excited states combined will exactly have Nj = (%””Z#Vg ¢(3/2)
number of atoms while the rest of the particles have no other option but to occupy the
ground state of the bosonic system. The number of particles occupying the ground state will

be then given by the expression

— Np < Vs ((3/2) .

N§ = Np — Ng
2rmpkpT)? (6.58)
Crmeks Tl v, ¢y

This interesting event of the gathering of a large number of bosons in the ground state of
an ideal gas is macroscopic and is termed as the Bose-Einstein condensation. For the Bose-
Einstein condensate to occur, the number of particles required is given by the inequality

— Np —

3
2

(27TmBkZBT)

Ng > e

Ve((3/2) . (6.59)
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If the number of particles is fixed in an ideal Bose gas with confinement volume Vs, being a
constant then the above equation gives a condition involving the temperature of the system
as

h? Np 3
T < ) 6.60
2rmpkp <V2C(3/2)) (660)
The above inequality has a very important physical significance. If for an ideal Bose gas the
confinement volume and the number of particles is kept fixed then for temperature less than

2
Te = 57 W’i = (Vz ]Cv(g /2)> 3, Bose-Einstein condensation will happen. This temperature Tg is

known as the critical temperature for the Bose-Einstein condensation and this macroscopic
new state of matter is also known as a Bose-Einstein condensate.

6.3 Relativistic Bose-Einstein condensate

In the previous section, we have discussed in detail the formation of the Bose-Einstein con-
densate in a nonrelativistic ideal Bose gas. In this section, we shall start with the basic
formalism of a relativistic Bose-Einstein condensate in a quantum field theory approach and
eventually proceed towards the consideration of the interaction of Bose-Einstein condensate
with graviton fluctuations.

6.3.1 Background model and the relativistic Lagrangian

In this current approach, we consider the background to be a flat Minkowski background
with some small fluctuations on it. The background metric can then be expressed in the
following way

Gaps = Tap —+ hag (661)
where a, f = {0,1,2,3} and 7,4 is given by

Nag = diag{—1,1,1,1}. (6.62)

At first, we shall obtain the form of Einstein-Hilbert action which will dictate the dynamics
of the time-dependent gravitational fluctuation part. The Einstein-Hilbert action takes the

form given as
A3

— 4. /[

where g = det [g,,], and R denotes the Ricci scalar. For convenience and to avoid cluttering
in the expressions, we can set ¢ = 1 which can be restored later. We will keep only terms
second order in the perturbation term and the Einstein-Hilbert action in eq.(6.63) can be
recast in the following form

1
Sen = om / d*z (hasOh™® — hOh + 2h*70,05 — 2ha,050°h7) . (6.64)
™
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Using the gauge freedoms of the fluctuation term, one can express h,g as

hag = hap + 0as + O5&a. (6.65)
We shall now make use of the transverse-traceless gauge condition as
Ouh™® =0, h®, =0, kh™® =0 (6.66)

where k, denotes a constant timelike vector which can be expressed as k, = 4°,. In this
transverse traceless gauge, the form of the Einstein-Hilbert action presented in eq.(6.64) can
be recast in form given as

1 _ _
SEH =592 /d4l' auhjka"h]k (667)
8KE

where we have defined kg = V87G with = {0,1,2,3}, and j,k = {1,2,3}. Our primary
aim is to understand the response of a relativistic Bose-Einstein condensate to the quanta of
linearized gravity or the gravitons. The first step is to conduct a box of volume Vi where
we can decompose the gravitational fluctuations in the transverse-traceless gauge into its
discrete Fourier modes which is given as

hy(t, B)e™ el (k) (6.68)

where hy(t, k) denotes the mode functions, e?l(E) denotes the polarization tensor. As hj(t, %)
is a real quantity one can write down hyj (¢, ) = h%(t, ). One can now make use of the Fourier
mode decomposition of h;i(t,#) and substitute it back in the form of the Einstein-Hilbert

action in eq.(6.67) and obtain the simplified form of the action as
1 2
Spn = 3 Z/dt ( ) (6.69)
k.q

where we have made use of the fact that h;(¢, ¥) is a real quantity. With the form of the
Einstein-Hilbert action in the transverse traceless gauge while the gravitational fluctuations
are decomposed into individual Fourier modes, we are now in a position to investigate the
action for a system of interacting bosons. We start by considering a bosonic complex scalar
field theory with a self interaction term whose Lagrangian density is given by®

. 4|2 =
hy(t, k)‘ — 12| hy (£, )

Lp = Vool (1, D)VO(t, T) + mbe' (¢, )o(t,T) + Ap (61 (¢, 2)o(t, 7)) (6.70)

where ¢(t,Z) denotes the complex scalar field, mp denotes the mass of the field and A\p
denotes the coupling constant corresponding to the self interaction term. As ¢ is a scalar

5Here B in the suffix of the Lagrangian density and the coupling constant denotes bosons.
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field, the covariant derivative on ¢ can reduced to just a partial derivative which helps us to
write eq.(6.70) in a simple form as

Fp = ¢*00u01 (t, D)Dso(t, 7) + mE 0 (1, D)(t, T) + Mg (61 (8, 2)o(t, 7)) . (6.71)

Our primary aim is to obtain the effective quantum action for the Goldstone field. The
Goldstone fields refer to the phase of the complex scalar field ¢(¢, Z) in eq.(6.71). Hence, as
a first step, we express ¢(t, T) as

¢(t, T) = o(t, T) exp [ix(t, T)] (6.72)

where p(t, %), x(t,¥) € R. Substituting eq.(6.72) in eq.(6.71), we can obtain the Lagrangian
density in terms of ¢(t,Z) and x(t, ¥) as®

Lp = §*P0ap0sp + 07 g™ 0axOsx + mE0* + App* . (6.73)

In order to obtain the effective quantum action for the Goldstone field, we follow the effective
average action formalism described in [149] and later followed by [113,132]. In order to
integrate out the “high-frequency fields” or the amplitude ¢, one needs to simply minimize
the action for the theory (Sp = f d%SfB) with respect to ¢. The minimization done at the
level of the Lagrangian density does not alter the minimization of the effective action for the
system. We can write down the modified action as

SM((t, 7)) = min Sglp(t, )eXED] (6.74)
{e(t,2)}

If one defines the partition function for the theory then in the presence of an external source
term J(t, ) one can express Z[J] as

/ Dby ox [ZSBW % / A2 (¢ F)p(t, 7) (6.75)

where ¢; is the elementary complex scalar field and ¢ is considered to play no major role in
the dynamics of the system. From the partition function of the theory one can write down a
new functional as

WJ) = —iln[Z[J]] . (6.76)

Taking the Legendre transformation of the functional #[J], we get the quantum effective
action as

Seale] = W[J] - Jp . (6.77)

At the minima, it is possible to write down the effective action as

$24¢) = in Seely] = 70 (6.78)

6We have set ¢ = o(t, ¥) and x = x(t, ) in the expressions to avoid cluttering in the expressions.
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where the Schwinger functional for J = 0 is equal to #'[0] = —E,7 with E, denoting
the ground state energy of the system and 7 denoting the time interval. This shows that
minimization with respect to the field amplitude ¢(¢,Z) results in the system to be in its
ground energy state which is a condition required for Bose-Einstein condensation and as a
result makes it an unavoidable step for writing down the correct action for a Bose-Einstein
condensate. Taking a derivative of the Lagrangian density in eq.(6.73) with respect to ¢ and
then setting it equal to zero we obtain the minimization condition as

0L

B 95 0,0050 + 2mEp + AAge® = 0

9o ¥g Yoy BY¥ BY (6.79)
= 2¢p (go‘ﬁ@agpﬁgw + mQB + 2)\Bg02) =0.

As ¢ is an arbitrary real scalar field, it is possible to obtain condition that minimizes the
Lagrangian density Zp as

1
> = ——— (¢*0ux0px + m3) . (6.80)
2X\p

We shall now make use of the above condition to minimize the Lagrangian density in eq.(6.71)
and recast it as

|
Z5' = min L = 9"0.005 = 55— (9" Quxdx + mp) (977 0axIox +mip) + As (¥’

= ¢*%00p050 — — (9*70uaxOpx + m%)
ANg

= gaﬁaagoaﬁgp + =?Goldstone

(6.81)
where we have defined the Lagrangian density corresponding to the Goldstone field as
1 o 2
gGoldstone = (g /BaaXaﬂX + mZB) . (682)
4\

As we are primarily focussed on to the Goldstone part of the Lagrangian density, we can also
drop the dynamical term corresponding to the ¢ term in the Lagrangian density in eq.(6.81)
as it will have almost negligible contribution in the dynamics of the Goldstone field. Taking
care of the overall minus sign in the Goldstone-Lagrangian density in eq.(6.82), we can write
down the Lagrangian density for a relativistic Bose-Einstein condensate in curved spacetime

as7

o 2
Lhic = (9*%0axDpx +m3%) (6.83)

d\p
where the superscript G denotes the system is in a gravitational background. The action of
the system corresponding to the above Lagrangian density takes the form

SgEC = /d4$v _g‘ggEC (6-84)

"One can also simply replace Ag by —Ap in the starting Lagrangian density in eq.(6.70) to directly get
the Lagrangian density for the Bose-Einstein condensate after the minimization condition is applied.
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with the determinant of the metric given by g = det[gas]. One can now write down the
Goldstone field as a combination of two parts as

X(t,7) = —opt + mp(t, 7) (6.85)

where op is a constant and wg(t, Z) € R denotes the pseudo-Goldstone bosons. Our primary
aim is to investigate the dynamics of w3 (¢, Z). We know that 2° = ¢ and as a result zy = go.z".
Now for a Minkowski background with gravitational fluctuations in the transverse traceless
gauge, goo = 1Moo and go; = 0 Vi € {1,2,3}. Hence, 1g = ngox® = —t. As a result, it is possible
to recast eq.(6.85) as

X(t, %) = opx.0% + mp(t, T) . (6.86)

Now we shall write down the background on which we are investigating the Bose-Einstein
condensate Lagrangian. In the transverse-traceless gauge the, it is possible to write down
the background metric as

-1 0 0 0 0 0 0 0
B 10 1 0 0 0 hy(t) hy (1) 0
Gop =Mepthas =1 o g 1 ol T o ht)  —hot) 0
0 0 0 1 0 0 0 0
(6.87)
-1 0 0 0
| 0 1+ hy(t) hy (t) 0
I hy (t) 1 — hy(t) 0
0 0 0 1
The determinant of the metric in the above equation is given as
g = det[gag) = — (1 — (RA(t) + B2 (1)) - (6.88)

In our current analysis, we shall consider that the incoming gravitational wave has plus
polarization only, which implies h(t) = 0. If we now drop any O(h?) contributions in /=g
then we obtain \/—¢g ~ 1. Substituting the form of the Goldstone field in eq.(6.86) in the
action given in eq.(6.84), and making use of the analytical form of \/—g, we can recast the
action as

SgEC = /d4l‘v _gggEC = /d4IgBGEC

1 2
= d*z <ga5 (050 + 0°mp(t, 7)) <O‘Béﬂ0 + 0Prp(t, i"’)) + m23>
B
1 . o ., ., 2
= d*x (9000129 + 2g050385773(t, T) + gop0°mp(t, 7)0%np(t, T) + mQB)
B
1
= o d*x (—0123 + 203900g"“Oump(t, T) + gupd*mp(t, F)0° mp(t, &) + m2B)2 .
B

(6.89)
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In the above equation dymp(t, &) = (t, Z), and using this result we can recast eq.(6.89) as

1
EC — 4)\B

SB d*z ( (7:('3 - 03)2 + gijaiﬂ'gajﬂ'B + m23)2 (690)
Following the assumption made in [113], we also drop any derivatives of 7 (¢, ¥) higher than
second order because third or higher order derivatives result in terms that will have minimal

contributions to the dynamics of the pseudo-Goldstone bosons. The resulting action reads

1 : .
St gy [ d'a (3% = m) 7 — (0} —m}) g0 ms0/ )

1 1 (6.91)
2 .

4/\B d*x ( — m2B) — E/d‘lx (0123 — mQB) OBTR .
In the above equation, the second integral in the right hand side does not contribute to the
dynamics of the pseudo-Goldstone bosons as a result one can easily drop this term. The third
integral in the right hand side of the above equation can be expressed as a total derivative
term given by <1 Y [d'zd((c} —m%) opmp] = 1= f d*x — m%) opmp which is a boundary
contribution and can be droppedg. Here the underlymg assumption is that the Goldstone
field vanishes at the boundary. The resultant form of the action takes the form as

1 A .
Shirc = D d'z ((30F —mp) 15(t, @) — (0 — mp) 9;0'7p(t, 7) P 1p(t, 7))

Sob—mh [ (a2 2 Th= (0:92)
== /d x (WB(t,SC) - ?WB—QgU@lﬂB(t ) p(t, a:)) :
The Lagrangian density from the above equation reads
op — mp
Zap = Tp(t,T) — mgw@%ﬁg(t 7 mp(t, T) (6.93)
B B

where GB in the subscript of & stands for Goldstone bosons. For a flat background the
above Lagrangian reduces to the form

2

Ll = 73 (t, ) — B—’”BawB(t 7)dirp(t, T) (6.94)

30% —m%

Extremizing the action in eq.(6.92) wile the whole set-up is considered to be placed in a flat
background, we obtain the Euler-Lagrange equation for the Lagrangian density in eq.(6.94)
as

2 = 0 —Mh o =
8t 7TB(t, ZZ') - mv 7TB<t, I’) =0. (695)

8In our original paper, S. Sen and S. Gangopadhyay Phys. Rev. D 110 (2024) 026014, there is a plus sign
in front of the third integral in eq.(6.91) which should be a minus sign but as this term vanishes it does not
affects the main conclusion of our paper.
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Assuming a solution of the form 7z (t, ) o< exp[—iwpt + ikp - 7], we obtain the dispersion
relation corresponding to the pseudo-Goldstone bosons as

2 2
Op — Mp 12
2 2 VB

. . (6.96)
B B~ "B
: = — = _—

T ks \ 302 —m

where cg denotes the speed of sound. Even in a background with small gravitational fluc-
tuations, the above relation gives the leading order solution and we can approximate the
dispersion relation as wg ~ cgkg. Making use of the dispersion relation and defining a new

2 _
Wp =

constant yp = 362‘;/\_;23, we can recast the action in eq.(6.92) as
SSec = f_yB/d4x (75 (L, ) — c9:;0'7p(t, T)P wp(t, T)) . (6.97)

We shall now assume that the pseudo-Goldstone bosons can be separated into a time-
dependent and spatial part as

p(t3) =3 mp (07) = >t (1) exp [iEB : f} (6.98)
kg kp

where > - =37, >, > . and we consider the total Goldstone boson to be a combi-
T Yy z

nation of single mode Goldstone bosons, where the summation includes all possible phonon
mode frequencies. As discussed earlier, 7(¢, ) is a real number and as a result it is equal to
its complex conjugate. Hence, we can obtain the following relation

—

mp(t, ) = (1, 7)

= ZwEB (t) exp [iEB : f} = Z w’%% (t) exp [—z’];jg . 3‘;’]
ks y (6.99)

= >t () exp i - 7]

Wl
kB

where in the last line of the above equation we have made the substitution k3 — —kf. Again
setting k% = kp, we can recast the above equation as

Z Vi, (1) exp [“;B ' f} = Z Vg () exp [iEB : f] (6.100)
kB ks
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which gives us the relation ¢y (t) = wiEB (t) ¥V kp,,kp,,kp. € R. Substituting eq.(6.98) in
eq.(6.97), we can write down the form of the action as

SBac = 73/d4$ (7p(t, D)7 p(t, ) — C?S‘gijaiWB(taf)ng*B(t7f))

= /d4 Z 77ka lkB x@% (t)e™ - ngi]‘kigk%ﬂ]% (t)eikB'f@/JEjB (t)e_““%s'f>
kK
=B /dt/d% e i(kp—Fkpy )@ (ka (t)%gg(t) _C%(nij +Bij)kinlijEB(t)w£;3(t)> '
kK,
(6.101)

From the form of the metric in eq.(6.87), it is easy to infer that the metric has only time
dependence and no spatial dependence. Hence, it is quite straightforward to write that
hij(t, %) — hi(t,0) (n; ¥ i,5 € {1,2,3} is constant) and g;; = m;; + hi;(t,0). Again, we
consider that the Bose-Einstein condensate is kept inside a cubical box with side Lg which
implies that it has a volume Vp = L% and as a result one can write down the following

relation, [ d*zexp [z (EB — k’g) i"} = Vi o, ,;339. Using the Kronecker-delta relation in
eq.(6.101) and defining a new constant v5 = Vp7yp, we can rewrite the action for the system
as

e =7 Y [t g, 005,00 - & |y + 22 75 ol B0 | Kk, (04,0
is
_yB/dt ZMB ‘ — & |y + Eic Zh tk)el (k)| > kiskls ¢EB(25)‘2
Rs
(6.102)

In the above equation, we made use of the mode decomposition for hij(t, ) from eq.(6.68)
when h;; does not depend on the spatial coordinates. The action for the system can be
obtained by combining eq.(6.69) with eq.(6.102), and it reads

Ll )

o [t |30 ]g, 0]~ |n+ Q“Gzh LR | S Kok
kp kp

-

. 512
hat, k)’ — 12 by (4, B

Vg, (8) ‘2

(6.103)

9 e e 1 e e = x x z z
The Kronecker-delta 5kB,kjg is defined as JkB_’ij = 5;637;6/35%,”% 5’63”6’3'
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One now needs to extremize the action to obtain the equation of motions corresponding to
wk ( ) and hy(t, k). To obtain the equation of motion corresponding to vy (t), we calculate

3 ¢* (t,) which is given by

05 9
5@01(75/):_73/ [ Z% )iy, O(t =) = c& | mij + el Zh

X > Kk, (805, 5 0(t — t')]
kB

(6.104)
where we have dropped the total derivative term with the assumption in mind that ¢y (¢)
(as well as its complex conjugate) vanishes at the boundary. Implementmg the prln(:lple of
least action (setting 0.5/d;_(t) = 0) and replacing ¢’ with ¢, and k', with kg, we arrive at

the equation of motion for the time dependent part corresponding to the pseudo-Goldstone
boson with frequency wg = cskp as

. 2K _. L
b () + iy + e Zh t kel (k) | kikhy, (1) = 0. (6.105)

Again extremizing the action, with respect to h*?(t, /2) by setting 0.5/0h*%(t, E) =0, we arrive
at the equation of motion of h,(t, k) as

.S o4
hg(t, B) + k2hg(t, k) = ijGcS 4% ( Zkl K,

Y, (1) (6.106)

6.4 Quantization of the gravitational fluctuation

In this subsection, we shall quantize the gravitational fluctuation term in order to incorporate
effects of linearized quantum gravity into the model system. The first step to quantization is
to raise the Fourier mode function, hg(t, k) in eq.(6.68) to operator status and then implement
a commutation relation between the gravitational fluctuation and its canonically conjugate
variable (in the phase space). One can rewrite eq.(6.68) as

s 2 .
hij(t,7) = 2 > byt k)™ el (k) (6.107)

where ﬁq(t, l;) are now operators. In order to properly quantize the theory, we need to
investigate the model system in the interaction picture which helps us to write hfl (t,k) as

it k) = fu(t)ag(K) + fi(t)al (k) (6.108)
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where f,,(t) denotes the mode function with & = |k|. The mode functions satisfy the following
normalization condition given by

—ifu(t) 0y f(t) =
— i (fDfi(t) = R 1) =

The raising and lowering operators are defined by
a,(k)|ng) = aging — 1), al(k)|ng) = /ng + L|ng + 1;) (6.110)

where |nj) denotes the n graviton state corresponding to the mode frequency wy = C|E |. The
vacuum graviton state is defined as

1
(6.109)
1.

iq(K)[0) =0 . (6.111)

The commutation relation satisfied by the graviton ladder operators are
g8, g (B)] =0, [af(k),al, ()] =0, and [ay(F), ab (F)] = 80z . (6:112)

As we have represented the gravitational fluctuation by a discrete sum of its individual
Fourier modes, the Kronecker-deltas appear in the commutation relation. If one proceeds
with an integral representation where a continuum of all possible modes are considered then
Kronecker-deltas will be replaced by Dirac-delta functions. The quantum gravitational con-

tribution in the mode function (operator) h? 4t k) of the fluctuation term hij(t, ) is obtained

by subtracting the expectation value <hé (t, k)) from hé (t, k) itself. Hence, the quantum grav-
itational fluctuation reads [55]

~ -

Shl(t.k) = hl(t,k) — (hl(t,K)) (6.113)

where the expectation value, (ﬂg(t, k)), can be identified with the classical gravitational mode
function defined by h;l(t, l;) Hence, it is possible to write down iLé(f, /;) as
hi(t, k) = he(t, k) + Shi(t, k) . (6.114)

One important thing to understand is that eq.(s)(6.105,6.106) are both coupled differential
equations and as a result if hy(t, k) is raised to operator status, ¥y (¢) will have contributions

from hy(t, k) term as well and as a result, we can write Vi, (1) as 1&,;3 (t). Eq.(6.106), in a
quantum gravity set-up takes the from

N - A - 4
hy(t, k) + K2hy(t, k) = ’ijc’cs €L%( Zkﬂ K,

2
— (8— + k;2) hy(t, ) = —megj*(k) Z ki ki,
s

ol

A (6.115)
Vg, ()

‘ 2

or? VVa
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. 2
where in the above equation ‘Q,DEB (t)) is given by

@Z;;;‘B(t)‘z = @/32 (t )@E (t). Our primary aim
( k

is to solve eq.(6.115) and obtain a solution for h(t, k). Here, hl(t 4(t, k) satisfies the standard

equation of motion given by

BA(t, ) + K2hI(EF) =0 . (6.116)
The Green’s function Gy (t — t') corresponding to eq.(6.115) is defined by
(O + E))Gr(t —t) =5(t =) . (6.117)

The solution fzq(t, E) in terms of the Green’s function then reads

R - o 4 S [t I 2
he(t, k) = hl(t, k) — dpracy €L * (F) / dt'Gr(t —t) Y kipkly |Ug, (t) (6.118)
0

VVe

The Fourier transform of Gy (t —t') and the integral representation of the delta function read

Gult —t) = % / dC e SG(C), S(t—t) = % / d¢! =<1, (6.119)

Substituting the expressions of Gi(t —t') and §(t — t') in the Fourier space from the above
equation in eq.(6.117), we obtain the form of G (() as

1
g2
Inserting the form of G(¢) in the Fourier space expression of G(t — t'), we can re-express
Gr(t —1t') as

kp

Gi(C) = — (6.120)

Gt —1') _——/ s — e (6.121)

which has poles at ( = +k. Here, we are more mterested in the retarded Green’s function
which is obtained by pushing the poles by an amount —in in the complex plane and after
performing the contour integral, taking the  — 0 limit. This retarded Green’s function then
reads

sin(k(t —t))
—
Using the form of the Green’s function obtained in the above equation, we can finally write
down the solution of hy(t, k) as

bt o sl oy o k(t—t
h(t, k) = hg/(t, k) + Ohg (8, k) - WjEGCSq ZkBk:J / o (k 2

GR(t—t) = (6.122)

(6.123)
Now we write down the dynamical equation of motion corresponding to the time-dependent
part of the Goldstone boson from eq.(6.105) in a quantum gravitational set-up as

Vi, () + | mis + Zh £, B)el, ()| kigkide (1) =0 . (6.124)
k
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Substituting the analytical form of fzq(t, E) in the above equation, we obtain the full dynamical
equation involving ¢y (t) as

2/43@

771] \/_
873“005 o A m sin(k(t —t'))
- B KLk dt—’¢,
B

U, (1) + ¢4

Z (hd (t, k) + 6R1 (¢, k)) w] Kkl (t)

)6%@%%@% (t) = 0.
(6.125)

Our aim is to solve the above equation of motion perturbatively and obtain a solution of
¥z, (t). The gravitational fluctuation in eq.(6.107) with the decomposition in eq.(6.114) can
be recast as

>

— 2"'{ c g - fd i_'-a_rf —
i (t,7) = VG 3 (hql(t, F) + ohl(t, k))ek ()
“ (6.126)

where Aj(t, 7) and S.N;;(t, T) are defined as

2 D
Bt 7) = ST RS, R)e R e ()
(6.127)

In the above equation hfjl (t,Z) denotes the classical part of the gravitational fluctuation
whereas (5./!7ij (t,Z) is purely a quantum gravitational term is similar to that of a noise or

stochastic term. The motivation for calling (5/%(25, ¥) a stochastic term or a noise term will
be clarified later. Using the above definitions, we can recast eq.(6.125) as

2 . . PR 87 K2t - -
Uiy (8) + & (i + (1,0) + 8475(1,0) ) Kkl (1) — 5655 Z (Z e (R)e (k))

t . /
L m sin(k(t —t)
><E k'Bk’B/ dt’— ’wk, t')
7, 0

kgkg% (t) = 0.

(6.128)

In order to further simplify eq.(6.128), one needs to execute the summation over all possible
polarizations ¢ and it is done by introducing a projection tensor defined by

kik;

R _
‘@ij —(51']' — ]{;2

(6.129)
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The summation inside of the parenthesis in eq.(6.128) can then be expressed in terms of the
projection tensors defined in eq.(6.129) as

Y e (R)el; (k) = (959R +PLP — PinPys) (6.130)

q

The next logical step is to consider a continuum of &k for the graviton modes which is imple-
mented via replacing the summation over k by a volume integral in the k space. One impor-
tant thing to remember is that |k| < QM with Qy denoting the cut-off frequency for gravita-

tional waves. To solve the integrals, f d3k, we at first convert the volume-integral in Carte-

sian coordinate system to spherical polar coordinate system as fOQM k2dk [ sin 0do fo% do. In
order to solve the angular integrals, we need to solve some standard integrations.

™ 2m
/dQ :/ do sin@/ dp = 4m (6.131)
0 0

which is a standard result. Next, we shall calculate the integral [ ko % and to solve this,
we execute a term by term analysis. In spherical polar coordinates, k‘” = kcos¢sinb, kY =
ksin¢sin, and k* = kcos6. A trivial calculation shows that [ dﬂ% = (0 when 7 # j. Now
for the cases where 7 = j, we obtain

Kkt [T o 4
/dQ :/ d@sin@/ d¢ cos? ¢sin? § = al ,
/ko i :/ desine/ dsin? ¢ sin? 0 = ?” : (6.132)
0 0

kK T o 4
/dQ :/ d@sin@/ dgzﬁcos2(9:—7T
k? 0 0 3

From eq.(6.132), we can express the second angular integral in a compact form as

Kk dr
/ 0= gaw (6.133)

with §% denoting the Kronecker-delta. Our next alm is to calculate the integral [ dQM.

For this case we find out that fkolk:flkj = 15 Z when [ =m and ¢ = j, or [ =4 and m = j,
or [ = j and m = i, and zero for all the other case. Hence, we can write down the final
angular integral in a compact form as

Ekmkiki - 4 y o o
/ ko— 175: (8"0% 4 616™ 4 6Y6™) (6.134)
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Taking the volume integral in the k space for the expression in eq.(6.130) and making use of
the angular integrations from eq.(s)(6.131,6.133,6.134), we obtain the following result

I s Ve i 37, R gsR R osR R gsR
>0 el (k)el (k) 5@ / &Ek (PRPR + PEPR, — P PL)

lk|<Qn 9

Qm
L dk | dQ (PRPE + PEPR, — PR o) (6:13D)
2(271')3 0 ¢ J m* ij

R 2 v

Using the continuum limit and substituting the above integration in in eq.(6.128), we obtain
the following dynamical equation for ¢y (t) as

dyprEce 2
ek [5li5mj + 0150mi — §5Zm5ij

Dy (0) + & (s + BE(1,0) + 5055 (4,0)) Kighipi (1) — 22

t Qm A
<SR / d’ / dkksin(k(t — t')) ‘%(t')
~ 0 0
2

2 .
kigkiyg, (1) = 0.

(6.136)

Summing over all possible 7, 7,1, and m values and executing the k integral, we can recast
the above equation as

A . 1
Vi, (1) + 2 (mj + h;?j‘.(t, 0) + 645(t, 0)) kkaBwk — &g Z { (kp - k’ _ gk?g;%z
t sin[Qum(t — )] Qumcos[Qu(t —t)]] | - 2
! / —
X/o “ { -t t—t } Vi O] Vi 1) =0
(6.137)
where we have defined £ = 4735:2&3 Observing the structure of the above equation, it is

intuitive to understand that @/AJEB (t) will consist of three parts which can be expressed as
. 0 .
Uy (6) = 02 (8) +0f, (1) + 437 (1) (6.138)

where 2/1% (t) denotes the solution when no gravitational fluctuation is present, w,(;o) (t) denotes
B B

the part of the solution which is induced due to the classical part of the gravitational fluc-
tuation, and wg.” (t) denotes the quantum-gravitational contribution to the time-dependent
B

part of the pseudo-Goldstone bosons. Substituting eq.(6.138), in eq.(6.137), we obtain the
unperturbed equation of motion in the form

D) + myskihpy L (£) = 0 (6.139)
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where 7,;k5kl, = k% and ¢3k% = w}. The above equation has a standard solution of the
form given by
PE(t) = afy expl—iwpt] + by expliwpt] . (6.140)

In the above solution, expliwgt] describes the negative energy modes of the solution and it
is quite intuitive to get rid of the negative energy modes by setting bg) = (. This choice for
bg) helps us to obtain the value of the coefficient corresponding to the positive energy mode

(0)

solution to be ap’ = 1. Hence, one obtains @D]%O) (t) = exp[—iwgt]. The first order equation of
B

motion corresponding to the classical spacetime fluctuation reads
O (8) + Wit = —cBhSi(t, 0)kpkpy ) (1) + Fil(1) (6.141)
where Fp(t) is defined as
- 1
Falt) =0 3 |(Fa- Fy)? = i3’ w20

"5 (6.142)

y /Ot Y [sin[gl\i(i/)—zt’)] ~ Qu Cost[Q_ (t—1t) } ‘%

2
Using the solution of wg) (1), it is easy to infer that ‘1&9 ()| = 1. Now, converting the
B B

summation over all possible lgjg, into a continuum of all possible phonon modes and executing
the ¢’ integral, we can recast eq.(6.142) as

Fu(t) = (‘;BgB exp[—iwst] / e [(EB.E;B)Q - %k%kjgz} (QM - M) (6.143)

with Vg denting the volume of the box inside which the condensate is prepared. As we are
considering a system where gravitons are interacting with the Bose-Einstein condensate, it
is quite intuitive to set Vg = V4.

To solve, eq.(6.141), we need to simplify the equation by considering vanishing contribu-

tions from all of the cross polarization terms that is e-X-(l_c)) =0Vij € {x,y,2}. The po-
larization tensor components corresponding to plus polarization only are € (k) —e;“y(E)lo

and (k) = 0. All other ejl(E) components for all j # [ are zero. Using the expression of
h$;(t, %) in eq.(6.127), we can deduce the following relations

h;;(t,O):j’%GGZhd(t kel (k) = j%GGZhC‘@ F)ey, (k) = —hg, (t.0) (6140

k k
he (t,0) =0 .

10The primary reason behind this assumption lies in the fact that we are working in the transverse-traceless
gauge.
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which is the required condition for a classical gravitational wave fluctuation in the transverse-
traceless gauge. Using the above relations, we can recast eq.(6.141) as

U (1) + Wi = —ckha(t,0)(k5® — kj") exp|—iwpt] + Fi(t) (6.145)
where we have used the definition he(t,0) = hg,(t,0) = —h$, (¢,0). Using a new definition
22 1y2
ki = kBZk—Qk%, we can rewrite the above equation in a very simplified form given as
B

1&1’53 (t) + w%wgB = —wikiha(t,0) exp[—iwpt] + Fp(t) . (6.146)

Again the Green’s function for the above differential equation is defined as

2
(% + w%) GH(t—t)y=6(t—1t). (6.147)

Standard computational procedure shows that the analytical form of the Green’s functions
are (retarded Green’s function is only considered)

GOt —t) = 1 sin(wg(t —t')O[t — 1. (6.148)

wB
Using the above Green’s function the analytical form of ¢£B (t) satisfying eq.(6.146) reads
Y (t) = a exp[—iwpt] + bl expliwpt] + / dt' GO (t —t') [—w%kéhd(t’, 0)e st 4 Fp(t')

kp
(6.149)
where, without loss of any generality, we can set the undefined constants to be equal to zero,
that is a’y = b’y = 0. The above relation can be further simplified using the analytical form of
Fp(t) in eq.(6.143). At first we convert the three integral [ A3kl from Cartesian to spherical
polar coordinates in eq.(6.143), and assume that the angle between kp and /2}3 is §. We can
the recast eq.(6.143) as

—iwpt 00 T 1 (Ot
Fp(t) = VBgL/ dk’;_;/f/QB/ df sin 0 [/{:ék% cos® f — gk%kﬁgﬂ (QM ~sin(Qy ))
0 0 -

—00

(2m)? t
=0.
(6.150)
Using the above equation, we can recast eq.(6.149) as
t
gB (t) = —ka(%/ dt' exp [—iwpt] sin (wp(t — t')) ha(t',0) . (6.151)

With the forms of %(;0) () and 10]% () obtained we now finally need to determine the analytical
B B

form of the operator part of 1&;3 (t) which carries the graviton signature. The equation of
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motion corresponding to the operator part of the time-dependent pseudo-Goldstone boson
from eq.(6.137) reads

DO (1) + whd! (1) = =5 658, 0) kishp (1) - (6.152)
We have already made use of the relation that € (lg

) = —¢,,(k k), and €7 (k) = 0. Applying
these conditions in the expression of 5/1@ from eq.(6.127), we obtain the following results

0N (t,0) = —0.M,,,(t,0), and 6.4,.(,0) =0 . (6.153)

The above relation again helps us to write down eq.(6.152) in a much simpler form as
UEF (1) + whURY (1) = —whkSOA (2, 0) exp[—iwpt] (6.154)

where 0.4 (t,0) = 6N,,(t,0) = —6.4,,(t,0). The Green’s function for the above equation of
motion is exactly same to G (¢ — ) given in eq.(6.148). The solution for eq.(6.154) reads

t
%;V(t) = —kag/ dt" exp|—iwgt'] sin(wg(t — t'))ON(¢',0) . (6.155)
Substituting the values of 1\ (t), ¥ (1), and % (t) from eq.(s)(6.140,6.151), and eq.(6.155)
kp kB kp
(with proper coefficient choices) in eq.(6.138), we obtain the first-order perturbative solution
to the time-dependent part of the pseudo Goldstone bosons as

t

by (1) = expl—iwpt] — wpk] / dt’ exp|—iwpt] sin(ws(t — t')) (hd(t,o)+(5N(t’,O)> .

) (6.156)
In order to proceed further, we consider a gravitational wave template for the classical gravi-

2
tational wave as hq(t,0) = e ™ sin(€pt) where £ denotes the amplitude of the gravitational
wave, 2y denotes its frequency, and 7 denotes the single measurement time for the gravita-
tional wave. To simplify our analysis, we need to consider the analytical form of the operator
part of &EB (t) given in eq.(6.155). We already know that 6.4 (¢, 0) is a stochastic term, and
as a result can not be integrated. The easiest way to deal with this problem is to apply the
Markovian-like approximation, where we consider that the time-dependence of the Goldstone
bosons do not depend on the the time evolution of the noise operator rather it simply depends
on the stochastic operator at the final time (which is ¢ in eq.(6.155) denoted by 8.4 (t,0).
It is also quite intuitive to assume that 6.4 (£,0) = 0 for t < 0 as before ¢ = 0 there is no

124



interaction of the BEC with the gravitational wave. We can then recast eq.(6.156) as

¢
Vg, (t) = exp[—iwpt] — wpks / dt'e= sin(wp(t — t'))ha(t’, 0)
¢
— wpk} / dt'e= 5 sin(wp(t — )N (t',0)
0 (6.157)

t

~ 2 ’
= 9y (t) ~exp[—iwpt] — 5w3k’8/ dt' e~ 7z st sin(Qot) sin(wp(t — ')

—00

t
— wpk? S, 0) / gt e sin(wp(t — ).
0

For the second integral in the above equation the upper limit of integration can be extended
to t — oo because of the existence of the Gaussian decay factor in the integrand. Hence, the
second integral can simply be reduced in the following way

e T
I = / dt'e” == "B sin(Qqt) sin(wg(t — t'))
(6.158)

_ __jj ” (exp |60~ 20)?) — exp |~ T+ 2007 ) explin]

One can use wp = 1 Hz, Qy = 2 Hz, and 7 = 1 sec and plot the absolute value of .%,(t)
against the time ¢ in Fig.(6.3) for the cases when the upper limit of integration is finite and
the scenario when the upper limit of integration is infinite. From Fig.(6.3), we observe that
the finite limit case is very close to the infinite limit case when comparing the absolute values
of the integral .%,(¢) and therefore the approximation made in eq.(6.158) is quite valid.

The second integral in the last line of eq.(6.157) can be simplified to take the form as

t
Tsy = 0N (t,0) / dt'e=5Y sin(wp(t — t'))
S50 0 (6.159)
= 04 (,0) ((1 4 2iwpt) exp|—iwpt] — expliwgpt]) .
4wB
Substituting the results of the integrations in eq.(s)(6.158,6.159) back in eq.(6.157), we obtain
the solution of ¢y (¢) as

~

Vi, (t) = exp [—iwpt] — ewpky Iy — wpke Tsn

- (1 - kzgéﬁ(t, 0)(1 + 2szt)) exp [~iwpt]
(6.160)

2

2
+ (—ﬁejmko (o -2em)® _ o5 sz %m@,o)) exp [iwpt]

—&P (1) exp[—iwpt] + 5P (t) expliwpt]
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1.0

— |Zx(t)| with finite upper limit
0.8 -
— |I(t)] with infinite upper limit
0.61 -
S
0.4¢ -
0.2¢ -
0.0

0 I 2 3 4
t (in sec)

Figure 6.3: Plot of | #,(t)| against ¢ when the upper limit of integration in %,(t) is finite
versus the case when the upper limit of integration is infinite.

where &5 (t) and 35(t) denotes the graviton-noise induced Bogoliubov operators. If the mea-
surement time is corresponding to a single mode of the Bose-Einstein condensate is t = '
then without loss of any generality, one can set t = 7y in the Bogoliubov coefficients which
indicates that the entire effect of the noise-term can be encaptured at the final measurement
time and does not depend upon the entire duration of measurement. Hence, one can write
down the analytical form of @ZEB (t) as

1[1];8(25) ~&P (1) exp|—iwpt] + 57 (1) expliwpt] (6.161)

where we can decompose the operator valued Bogoliubov coefficients as

&P () = af + 668 (ry) = 1 — Z—':a + 2iwpTn)0N (11, 0) (6.162)

“ . 2 2 R

B8 (r) = 87 + 65 () = LIBEIT (o= F 0u-samt _ = 0wraen®) 4 Sy )
(6.163)

with the smallness parameter eg being defined as

k,g:z _ k,y 2
ep=e-2 L. (6.164)
kB

1Tt is quite straightforward to infer that 7y = 7 but for the moment we kept the nomenclatures for the
two measurement time to be different.
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It is now possible to write down the quantum-gravity induced part of the operator-valued
Bogoliubov coefficients as follows

56" (1a1) = Ca(m)0N (101, 0) , 6B%(1w) = ¢5(mm)8.4 (131, 0) (6.165)

where the coeflicients ¢, () and ¢g(7y) are defined as

€B
4e

€
Co(T(m) = ——B(l + 2iwpv) , cp(Tm) =

6.166
" (6.166)

The important thing to note is that because of the quantized nature of the gravitational wave
the Bogoliubov coefficients are not just numbers but they have operator-valued contributions
from it .

6.5 Covariance matrix of a BEC influenced by gravi-
tons

We have already obtained the operator-valued Bogoliubov coefficients and in order to obtain
the covariance matrix of a Bose-Einstein condensate with inherent phonon mode squeezing
induced by graviton noise, we at first need to write down the standard single-mode covariance
matrix of the BEC with phonon squeezing.

6.5.1 Covariance matrix of a single mode of the BEC with inherent
phonon squeezing

In eq.(6.41), we have already obtained the covariance matrix corresponding to the single
mode of a Bose-Einstein condensate which is given by ¥ppc(0) = %12. If the squeezing
parameter is given by rg, = rpe? then the raising and lowering operators under effect of
squeezing transform as

S(req)aB 81 (rsq.) = a” coshrp + 62" explics] sinhrp (6.167)
S( sq,)&BTS’T(qu,) = a8 coshrp + a” exp[—i(p]sinhrp (6.168)

where the squeezing operators are defined as

. 2 . 2
S(rgq.) = exp [rgq‘&Bz - rsq,dBT ] , ST(rsq.) = exp [rsq.dBT —T5q 632} ) (6.169)
From the above equation, it is easy to observe that S( (req.) = rsq ) and vice versa. Action
of the squeezing operators on the column vector r = ( ) gives the following
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expression

S’(TSq- ) rst (TSq-)

(\/m%“B‘S%rs@)a:ﬂBé*(quJ)

ms(mq. )ﬁBS’T (rsq.)

B (coshrB—l—COS(BsinhrB sin (g sinh 2rp ) (\/%iﬂ)

sin (p sinh 2rp coshrg — cos(gsinhrp mﬁB
= Sgq. (TSq.) r
(6.170)
where Sgq (7sq.) denotes the squeezing matrix defined as
_ [coshrp + cos(psinhrpg sin (g sinh rg
Ssa.(75q.) = ( sin (g sinhrp coshrp — cos (g sinhrg (6.171)

Hence, if the phonon modes of a Bose-Einstein condensate are squeezed by a squeezing
parameter rg, then the single mode squeezed BEC covariance matrix reads

ZJSq.<0) = Ssq. (TSq')EBEC(O)qu. (TSq‘)
B 1 cosh 2rp + cos (p sinh 2rg sin (p sinh 2rp (6.172)
) sin (g sinh 2rp cosh 2rg — cos (g sinh 2rp

6.5.2 Covariance matrix of the BEC under graviton interaction

We shall now write down the expression of the covariance matrix of a Bose-Einstein con-
densate with squeezed phonon modes when it starts interacting with a gravitational wave.
The covariance matrices are the matrix or phase space representation of the Gaussian states.
As discussed in [150], if an unitary transformation in the Hilbert space is generated by a
quadratic Hamiltonian then in the phase space the same action can be described by a sym-
plectic matrix. Using the Bogoliubov coefficients one can construct a symplectic matrix of
the form
My Mo
Sy=|Mn  Mx - (6.173)

where for an n-mode bosonic system the (2n x 2n) symplectic matrix &, satisfies
Sa08%, =Q (6.174)

with Q = é 2; and §; = —i09. The matrices #;; are constructed out of the Bogoliubov
j=1

_ (R =85)  S(ag+57)
Mij = (_% (Ojg _ﬁ]g) %(aé 4 5) (6.175)

coeflicients as
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with 3 denoting the real part and < denoting the imaginary part. Under this transformation
by the symplectic matrix, the initial covariance matrix »; corresponding to the Gaussian
matrix transforms as

Y =SSt (6.176)

The transformation of the j-th mode of the Bose-Einstein condensate by the gravitational
wave can be represented as [113]

S (ep) = M;i(ep)Ssq [014L];(ep) + > Mik(ep)M), () (6.177)
k#j

where € is defined in eq.(6.164) and Xg, [0] is obtained in eq.(6.172). One important ob-
servation that needs to be made is that in eq.(6.175) the Bogoliubov coefficients Ozg and
g are classical. In our current analysis, the Bogoliubov coefficients are infused by random
noise-fluctuations due to graviton interactions which lead to operator valued Bogoliubov co-
efficients in eq.(s)(6.162,6.163). Hence, it is quite straightforward to understand that the
symplectic matrix in eq.(6.175) will have contributions from the graviton noise term. The

modified operator valued matrix reads

A

Mij(ep) =Mij(ep) + 6My ()

_ S5 ~
:ﬂij(gB) n ( R (0C¥ij 0&']‘)) R) Ecaij + Oﬁij)) SN (11, 0)

-3 (00%1' — OBy R Cay + 05@']')

(6.178)

Here, the *’ symbol over . indicates a matrix with stochastic elements. Hence, after the
BEC has interacted with gravitons, the transformed covariance matrix from eq.(6.177) now
takes the form

S (ep) = M;i(ep)Ss (014 (e5) + > Mip(ep) M}y (e5) - (6.179)
k#j

For this n-node bosonic system no two modes influence one-another and as a result the
Bogoliubov coefficients also don’t involve two modes. It is therefore safe to write down for
a classical gravitational wave [113], o = §;;0” and 3 = 6;;8". Same thing holds true for

the graviton-noise induced Bogoliubov coefficients and we can express them as
byj = 6,05, By = 0,8 . (6.180)
As from eq.(s)(6.162,6.163), we already know the analytical form of the stochastic Bogoliubov

coefficients, it is possible to analytically obtain the form of the matrix ./%:j (ep) from eq.(6.178)
and for a single mode of the BEC one can set ¢ = j where j € {1,--- ,n}. For simplicity, we

can set i = j = 1. The analytical form of ./%11(53) is given by

1 (047, 0) + V52750 (7)) = Swpmud A (1, 0) (6.181)
Z—ngBTM(S./V(TM, 0) 1+ —ﬁe’jwmggf(ﬂ

ﬁll(EB) = <

where €7 (7) is defined as

2 2

(gség (7_) _ (67%(90720.23)2 _ 67TT(QO+2WB)2) . (6182)
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6.6 Quantum gravitational Fisher information

In this section, we shall calculate the quantum gravity modified Fisher information and then
write down the quantum gravity modified Cramér-Rao bound. At first, we shall discuss
the methodology for writing the quantum Fisher information between two nearby covariance
matrices.

6.6.1 Quantum Fisher information for two covariance matrices

We have discussed in subsection (6.1.3) that it is easy to deal with covariance matrices for
Gaussian states. At first we shall follow the methodology of [150] to express the Quantum
Fisher information when the quantum states are represented by covariance matrices. In
subsection (6.1.2), we have discussed how to express the quantum Fisher information in
terms of fidelity between two nearby density matrices. Hence, the first step is to write down
the analytical expression for the fidelity between two quantum states when the quantum
states are represented by covariance matrices. One can write down the fidelity or overlap
between two covariance matrices ¥4 and Xp as [148]

1
9(214,23):\/m_\/:_E (6.183)

for a single mode bosonic system where the analytical forms of =5, and Ay, are given as

X . .

Z5 (4, Tp) = 7 det {EA + %@} det {23 + %@} (6.184)
1

As(S4,Tp) = 7 det [T + ] (6.185)

with @ being defined as 0 = é 109 and for a single mode bosonic system O = ioy. Here, we
j=1

shall briefly discuss the methodology presented in [150] and obtain the analytical expression
for the quantum Fisher information when the covariance matrix formalism is being consid-
ered. If 9 is the small parameter under consideration then it is always possible to expand X
and as a result & and the quantum Fisher information % (J) in powers of ©. We have ob-
served from eq.(6.176) that the covariance matrix transforms via the action of the symplectic
matrix &y in eq.(6.173). For a single mode consideration the matrix &4 is equal to /;;
corresponding to the j-th mode of the n-mode bosonic system and the related transformation
equation in eq.(6.176) takes the form ¥, = /%ijiﬂj?;— where one needs to remember that no
two modes of the bosonic system influence one another and ;; is a 2 x 2 matrix. If the
uncertainty relation is still preserved in this process then the Bogoliubov coefficients can be
expressed as [150]

B (9) ~ oB© B | 92 p®
(V) = ap +dag, +9ag,

5 B0 y 5@ (6.186)
Bjk(ﬁ) ~ U0 + 0B
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where the expansions are kept up to 0(9?). It is possible to express all the first and second
order moments of the column matrix r in powers of the small estimation parameter 9 and as
a result it is possible to express the covariance matrix in powers of this estimation parameter
as

2 (0) = 2P 4 o5 4+ 9?2 P (6.187)

For notational simplicity, one can get rid of the f in the subscript of ¥. For a single quantum
state, its overlap with itself is maximum and it is then safe to say that F (X(¢),3(9)) =
1. Following the analysis in [148], one can also impose a second criteria that is given by
8‘%(2(’9)8’?(19”79)) |a9=0 ~ 0 which implies that for very small change in the estimation parameter
the rate of change of the Fidelity is negligible. This can also be understood intuitively quite
well. It is then possible to expand the Fidelity & (3(9), X(9 + di)) using the above two

conditions as

F(S0), 20 + d9)) ~ 1 — F2d0? + 6(9*dY + 9dv?) (6.188)

with the 972(2) term given as 972(2) = 978@ + .%g). The (2) in the superscript denotes that it
is a coefficient of O(92, 9dv, dV?) term. If squeezed states are in consideration then the 3‘78@

term is dependent on the displacement of the squeezed state [150]. In our current analysis,
the squeezed phonon states have zero displacement and as a result 9;2) = 0. The analytical
form of 9‘7;;2) reads

1

1
7 =7 = L (ss - osnd ¢ mE0) 4 (S0 onsl)  easo

where Zz(-f) symbol denotes the i.j-th element of the matrix (for a 2 x 2 matrix 4,j € 1,2)
and k denotes the order of the coefficient as can be easily understood from the expression in
eq.(6.187). Now substituting the expansion of the Fidelity in eq.(6.188) and substituting it
back in the expression for the quantum Fisher information in eq.(6.23), one obtains

H(9) ~ AF) = aFD (6.190)
The above equation gives the analytical expression for the quantum Fisher information for
two nearby covariance matrices.

6.6.2 The quantum gravitational Fisher information

Substituting the matrix . (cp) from eq.(6.181)!2 in eq.(6.179), one obtains the analytical
form of the the covariance matrix for a single mode of the Bose-Einstein condensate after the
gravitons have interacted with it. Now the covariance matrix after graviton interaction will
also have influence from the quantum gravitational noise term of which the matrix elements

12Here, we have removed the mode numbering from the subscript of M as our entire analysis is focussed
about the single mode of a Bose-Einstein condensate.
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can be written as X (ep) = i{f(o) - EBE{JZ(l) + 5232{]%(2) V i,j € 1,2. The zeroth order

coefficient is always independent of the graviton induced noise and as a result f]f]% © = Zg o
We now assume that eq.(6.189) still holds true for a quantum gravity set-up. in such a
scenario, it is possible to write down the quantum gravity modified Fisher information using

the matrix elements of Y (ep) as

A~ 1 A 0) & A A A A 1 A A A A
o MO S () MO S () M2 S (0) WAL /AO) /ALY /AO)
%(53) - 5 <211 Z22 - 2212 212 + 211 Z22 > +3 <211 222 - 2212 212 )

8
(6.191)

In our current analysis and using the analytical forms of the components of the matrix, the
quantum gravity modified Fisher information reads

<5./I7(TM,0)>2
162

~ (5./?(7'1\/[,0)

H (g) ~ 9 (0) (e) + o (6.192)

W (e) +

7 (2) (€)
where the analytical forms of the coefficients are given by #(© (), " (g), and %% () as

1 2 2
7O () = 6—47rw%72 <62°JBQ°TQ — 1> e~z (Qo+2wp)? (1 + coshdrp + (1 — 3cos2(p) sinh? 2rp)

-2
xW(e) = \/rwpT <62w39072 — 1> e~ T (R0+2wp)? (2 cosh? 2rp + (1 — 3 cos 2(p) sinh® 2rp
+ 6wpTy sin (g sinh 47’3)
sinh? 2rp
2

X (cos(p + wpTy sin CB)) + 4wpTy cosh? 2rB> .

%’(2)(5) =1+ coshdry — (3 + cos2(p) + wBTM<sin (B (3 sinh 4rg + 2sinh? 21

(6.193)

In eq.(6.192) if 6.4 (1, 0) is set to zero then the quantum gravity modified Fisher information
F () becomes equal to the quantum Fisher information % (¢). The analytical form of
) (g) from the above equation matches exactly with the result obtained in [113] which
serves as a nice consistency check. The important thing to observe is that the quantum
gravity modified Fisher information has stochastic contributions due to graviton interaction.
Therefore it is more prudent to call it as the “quantum gravitational Fisher information” or
the QGFI instead of calling it quantum gravity modified Fisher information. As it is H ()
can not give rise to any meaningful physical quantities hence, we take an average with respect
to initial graviton states (also can be considered as a stochastic average). After taking the
stochastic average with respect to graviton states, one can recast eq.(QGFIL.2) as

<<%(8)>> = <WGraviton|%(€)|\I[Graviton>
H (e N R
_ 70 ) + 325(2 LW aion {0 (1, 00,05 (s, O)H ¥ rmvion) (6,104

— (#()) =x V() + 7"’;))(;;(25)

({60 (7w, 0), 04 (1w, 0)}) -
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With this expectation value of the quantum gravitational Fisher information, we can write
down the quantum gravity modified Cramér-Rao bound as the stochastic average of the QGFI
is a number for some fixed values of the parameter. As discussed earlier, SN (1m, 0) is a noise
term and therefore the one point correlator (.4 (y,0)) = 0 resulting in the vanishing of
the term in the expression of (% (¢)) in eq.(6.194). In order to obtain the analytical form of
the expectation value of the QGFI, we need the analytical form of the two-point correlator
when the initial gravitons are in the squeezed state.

Squeezed graviton states and the two-point correlator

Using the definition of the noise fluctuation from eq.(6.127), we obtain the analytical form
of the two point correlator for arbitrary graviton states as

({5.4,5(7,0)5Hu(, 0)} 4”‘;22 8 (k) el (B ({0RL (7, 5), (T KOY) - (6.195)

Eq E/ ’

To simplify the above expression, we need to find out the expression for the two-point correla-
tor when the gravitons are in the squeezed state. The squeezing and displacement operators
read

A 1 o L
S (150 = exp V-gZ(r,iq' g(R)ig(—F) + 17 ;(k)ag(—k)) (6.196)
| R
De(6) = ! byal (k) — bral (k 6.197
o) o | 73 (Braf (k) — el () (6.197)
L »q

where the squeezing parameter corresponding to the mode with frequency w = ck is given as
2% =y, It is important to note that both Sg(r5) and Dg(b) are unitary in nature.
Under the action of the above operators, the displaced squeezed state of the graviton reads

t5% . 6) = S (x59) D (6)]0) . (6.198)

The squeezed mode function f,fq'(t) in terms of the Minkowski mode functions fi(t) =
\/szk exp|—ikt] reads

S9(t) = fi(t) coshty, — e f(t) sinh ty, . (6.199)
We already know the mode decomposition of ﬁé(t,g) = fk(t)dq(lZ) + fi (t)&j](—lg) and the

quantum gravity fluctuation reads (5% (t, k) = ilé (t, k) — ((ilf] (t,k)). Let us now define a new
operator

ol (¥, 0) = DL(6) (%), (k) S () D (B) (6.200)
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Making use of the analytical expressions for the squeezing as well as the displacement oper-
ators we can write down the expressions for d,;q(rsq', b) and Qijlzq(rsq', b) as

.Qf,;’q(rsq', b) = (dq(lZ) + bk> coshry — (d;(—IZ) + b,*;) e'#t sinh 1y, | (6.201)

all , (550,8) = (af(—F) + b ) coshry — (a,(F) + By ) e~ sinh v (6.202)

where k remains independent of the sign in front of k. Using eq.(s)(6.201,6.202) and making
use of eq.(6.199), we obtain the following analytical expression

D(B)SE(r°)3hy (1, ) S (r) D6 (B)
=D 0)SGH(5 ) (¢, k) Sa(15)Da(b) — (0| (8) S (x5 R (¢, k) S (x°*) D (8)[0)
% Sq Sq. * ot Sq. ot Sq. (6203)
=) (g, (v b) (g (¢, 0)) ) + (1) (' (6598) = (T, (+,9))
= fR (B)ag(k) + 24 (D (—Fk) -
The raising and lowering operators satisfy the commutation relation as
(g (R), a} ()] = g0 - (6.204)

We can then obtain the analytical form of the two-point correlator (({(%é, (1, k), 5% (7', K)})
as

({0hg (7, k). O (', K} = (65 BI{ohiy (7. k), Oy (7', K) } 150 B)
= (SO + V(D) b0t i (6205)
= (5q7q/5,;+,;,70@5h(7', 7 E)
where the function @y, (7, 7', k) is defined as
Qs (7, 7', k) = [N (D) 237 (7)) + fo (7)) f277 (1) (6.206)

Using the expression for the squeezed mode function in eq.(6.199), we can simplify the above
expression as

snl(r, 7 B) = 2R [ J3 (1) £ ()]
: (6.207)
=7 (cosh 2ty cos(k(7 — 7')) — sinh 2ty cos(k(T + 7') — 1)) .

Using the analytical form of (({6135, (1, k), ShI(r', )}) from eq.(6.205) in eq.(6.195), we can
finally write down the expression for the two point noise-noise correlator as

({67 (r, 0)6 T, 0)} 4“02 & (R)el (~F)@an (7.7, F) . (6.208)
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We now go to the continuous frequency limit and in such a scenario, we can directly make
use of eq.(6.135), we can simplify the above equation as

; . 21 2 v o
<<{5¢/Vij(7', O)(S/!flcl(T,, O)}» = 5—7:; (5‘k5jl + 5il5jk: — géwékl) /0 dkk?QQ(Sh(T, 7'/, k’) . (6209)
For 7 = 7/, we can recast the above equation after executing the k integral as
. . K202 2 sinh 2r
<<{5'/VZJ (T, 0)5/‘@[(7’, 0)}>> = gﬂ'QM <5ik5jl + 5ildjk - §5U5kl> <COSh 2rk + WT; ( COS Y,

— cos(2QmT — i) — 2Q\7 sin (20T — @k))) -

(6.210)
For i = j = k =1=1, we obtain from the above equation
AK202, (6.211)
= 1572 ‘%(7-7 rka@k)

where the function JB(7, rg, k) is defined as

sinh 2x .
WT; (cos pr — cos(2T — i) — 2QuT sin(2QuT — i) -

M
(6.212)

The important thing to observe is that the effect of squeezing in the graviton state is com-
pletely encaptured by this %B(7, 1y, ¢x) function. One can now replace 7 by 7y in B(T, tx, px)
and set 7y — 0 limit to observe the value of the function initially. We find out that

B(T, t, pr) = cosh 2ty +

limogg(TM, Ty, Pr) = cosh 2, — cos @y sinh 2ty . (6.213)
™ —

The above equation shows that the function 98 will be minimum at ¢; = 0 and maximum at
¢ = 7. The cut-off frequency can be set to Qy ~ 10® Hz while considering primordial grav-
itational waves generated during the inflationary period [55]. For a graphical understanding,
we plot %B (1w, tk, pr) against my with a fixed value of the squeezing parameter r;, = 10 and
varying values of the squeezing angle ¢y, in Fig.(6.4). In the my — oo limit & approaches
the value cosh 2r;, which can be approximated by %exp [2x;] for very high value of the gravi-
ton squeezing parameter. Fig.(6.4), implies that for sufficiently large value of the single
measurement time by a single mode of the Bose-Einstein condensate %(my, tx, ¢r) becomes
independent of the graviton squeezing angle. Although this function plays an important role
while considering small time measurements.

The quantum gravity modified Cramér-Rao bound

With the form of the two-point noise correlator obtained in eq.(6.211), we can recast the
analytical expression for (#'(¢)) from eq.(6.194) as
R

1205%29‘9(71\/1,%; PR)ZP(e) . (6:214)
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Figure 6.4: We plot the function %B(t, 1, or) against ¢ when t; = 10 and Qy = 10® Hz for
the values of the squeezing angle ¢, = {%, R 7r}. We have plotted J&(t — 00,10, ¢k) as a
reference line to have a proper understanding of the fluctuations.

It is now quite logical to replace 7y by 7 in the above expression. Restoring the dimen-

sions carefully and substituting the analytical form of kg = 8’;}§G and using the nyy — 7

substitution, we can write down the expression for the stochastic average of QGFT as

(#(©)) = 7OE) + 2B v, ) D (E) (6.215)

Using the analytical form of %) (¢) and #Z®(e) from eq.(6.193), we can write down the

above equation for the phonon squeezing angle (g = %13 as

b 1 2 2 2 2
(7 (=) = aww%# <e2“’BQOT — 1) e~ 7 (lo+2wp) (14 coshdrp + 4sinh® 2rp)
Y
30me2c?

X <cosh 2t +

(3 + 2w%7'2 + cosh4rg + 6wpT sinh 4rg + 6w%72 cosh 47’3)

sinh 2ty

572 (cos pr — cos(2QT — i) — 27 sin(2Qy T — gpk))> )
M

(6.216)

We already know that B(7, vy, @) is a positive quantity and examining the above equation
it is east to write down the inequality

(@) >x ) . (6.217)

131t is possible to squeeze the phonon modes at specific angles and is an experimentally achievable scenario
[151,152]

136



Hence, from eq.(6.16), it is straight forward to write down the quantum gravity modified
Cramér-Rao bound for ¢ number of independent measurements as

(6.218)

which is the primary guiding equation in our analysis. One important thing to remember is
that the quantum Fisher information is not directly an observable quantity as a result there
is no restriction on the quantum gravitational correction term based on the analytical value
of the standard quantum Fisher information term. At extremely high squeezing, it may so
happen that the quantum gravity correction leads the standard classical gravitational wave
term. For single mode BEC, we can recast ((Aep)?) using eq.(6.164) as

(Aep)?) = ((Ac)) (u) . (6.219)

K

In spherical polar coordinates we can write down k% and k% as k%, = kpsinfp cos ¢p and
kY, = kpsinfpsin ¢p. In order to consider all the single mode states of the BEC, we need to
integrate the square of the uncertainty in e over the first quadrant and from eq.(6.219), we
can get

/dQB<(A€B)2> = /02 dfpsinfp /02 dop sin 0p cos® 2¢5((Ae)?) 6.220)
2m .

= (e .

Hence, it is now possible to rewrite the inequality in eq.(6.218) as

15
(Ae)?) > ———— (6.221)
2rN(H (¢)))
We consider that 9t multiple measurements of the system state has taken the time tp,:, then
trotar = 7. If one considers a single measurement then tr., = 7. In such a scenario the
minimum value of the uncertainty in the measurement of the gravitational wave amplitude
reads

5 B 15
P =\ sr (6.222)

To properly understand the quantum gravitational effect on the Bose-Einstein condensate,
we shall plot the minimum value of the uncertainty in the measurement of the gravitational
amplitude with respect to the measurement time 7. We consider the value of the phonon
squeezing to be rp = 0.8 and the phonon squeezing angle to be (g = 5 both of which are
experimentally achievable. Then the frequency of the BEC phonon mode is set to wg = 10
Hz. In that case resonance shall occur for an incoming gravitational wave with frequency
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Figure 6.5: \/((Ag)?),,,, vs 7 plot for different values of the graviton squeezing parameter
r, = {41.5,42}. Other parameter values are set to rp = 0.8, ¢, = (g = 5, wp = 10 Hz, and
QO = 20 Hz.

Qo = 20 Hz. From Fig.(6.5), we observe that for very high graviton squeezing the uncertainty
in € is quite low and for a lower value of the squeezing parameter the uncertainty in the
measurement of € increases. In the standard classical gravitational wave case (Ipy = 0), we
can find from eq.(6.215) that at 7 = 0, (Z(c)) = Z©(e) = 0 as a result VA((Ag)2), 0
becomes infinity indicating an impossible detection scenario for 7 = 0. For the quantum
gravity case, however, ((¢))|,—0 # 0 indicating a finite value of the uncertainty in the
measurement of the gravitational wave amplitude. We observe in the 7 — 0 limits that
2 )2
i (5 (4)) = -2

7—0 © 157e2¢? (1 + cosh’ ZTB) (COSh 21), — cos ¢y, sinh 2tk> . (6223)

Now the amplitude of a standard gravitational wave is ¢ ~ 107%! and Qy ~ 10® Hz for
primordial gravitational waves. As a result when 7 approaches zero, the value of the stochas-
tic average of the QGFI when both the phonon and graviton squeezing are zero, reads

A~ 2
ll_r)%«%/ (e)) = 153552102 ~ 1073, The minimum value in the uncertainty in the measure-

ment of ¢ then takes the value \/((Ag)?),, ~ 10" This value of the uncertainty is very
high indicating a complete non-detection of any gravity wave signatures. For the uncertainty
in € to be atleast or less than unity one needs to have atleast a graviton squeezing of v, > 34.
For a primordial gravitational wave which can generate due to inflationary models occurring
due to a grand-unified theoretic model the squeezing can go as high as r; ~ 50. For such
high squeezing value \/((Ae)?),, ~ 1077 indicating a better chance of detection of of a
graviton signal. This phenomena indicates that even at the beginning of the experiment
when the gravity wave-detector interaction has barely started there is a finite possibility of
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Figure 6.6: We plot the quantum Fisher information as well as the quantum gravitational
Fisher information and compare it against the quantum gravitational correction term of the
quantum gravitational Fisher information where the parameter values are set to rg = 12,
v, = 20, (g = pr, = 5, with the frequencies set at wp = 10 Hz and €y = 20 Hz.

primordial gravitational wave from the inflationary time. This is a very bizarre result that
goes against the standard intuition of gravitational wave detection scenarios. However, in
a linearized quantum gravity model the quantum field exists throughout and there exists a
quantum gravitational perturbation field around the Bose-Einstein condensate even at time
7 = 0. Hence, if gravity-wave signatures are captured for very low measurement times then
they for sure indicates towards the existence of the quanta of linearized gravity. Another way
to deal with this problem is to increase the phonon squeezing. In that scenario, the BEC will

have more sensitivity towards the classical as well as quantum gravity signatures. We plot
HO)(e), (#(e)), HC(e) against T in Fig.(6.6) where #C(¢) is defined as

QQ
7 () = 1

= m%(r, ty,, o) D (e) . (6.224)

In Fig.(6.6), the parameter values are set to rg = 12, r;, = 20, Some important observations
are in order. We can observe from the figure that at around 7 ~ 5 x 107* sec #©) (¢) starts
dominating over the quantum gravitational term Z9%(¢). The important point to note that
the quantum gravity effects play a more significant role at earlier times. In general for a
quantum mechanical observable there is always a restriction that a quantum gravity induced
parameter should not lead over the standard term which is present in spite of quantum
gravitational consideration. The quantum Fisher information is not a physically observable
quantity and as a result the quantum gravitational correction term does not face the usual
restrictions that is imposed while considering an observable. We also need to remember that
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Figure 6.7: \/((Ag)?),p;, vs 7 plot for v, = 42, rp = 0.83, v = (g = 5, wp = 10 Hz, and
QO = 20 Hz.

V{((Ae)?), ., ~ 107* initially (7 — 0) for a graviton squeezing as low as t;, = 20 when
the phonon squeezing is high enough. This implies that even for relatively lower squeezing
from the gravitons, at the starting of the experiment, the BEC will still respond provided
the phonons are squeezed as well. If the squeezing from the gravitons is very low then for
low 7 values /((A¢)?),,;, becomes very high which indicates that the gravitational wave

signatures cannot be measured using a BEC. We have next plotted \/((Ag)?),,,, against 7
for v, =42, rp = 0.83, ¢ = (g = §, wp = 10 Hz, and Q = 20 Hz in Fig.(6.7). We find our
that /((Ae)?),,, falls of with increase in the measurement time indicating a higher chance
of detection of gravitational waves. From the inset plot (A), we observe that the amplitude
of fluctuation is large in 1.5 x 107° sec< 7 < 1.525 x 107° sec compared to the the range
of 7, 5% 107% sec < 7 < 5.25 x 107% sec in the inset plot (B). We now plot the minimum
value of the uncertainty in the parameter ¢ with respect to different values of the graviton
squeezing parameter ry against the measurement time 7 in Fig.(6.8). We observe that the
uncertainty due to € goes to infinity for a classical gravitational wave and it decreases with
increasing value of the graviton squeezing. Graviton signatures will arise as resonance pulses
in the single mode of the Bose-Einstein condensate. Here, we shall primarily focus onto the
standard deviation of the quantum gravitational Fisher information obtained in eq.(6.192).
The standard deviation in the QGFI reads

~

(AZ)* = (9 (e) = (F ())*) - (6.225)
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Figure 6.8: \/((Ae)?),y, vs T plot for rp = 0.83, vp = (g = §, wp = 10 Hz, and Qy = 20
Hz. The graviton squeezing is set to different values of the parameter.

We shall restrict ourselves up to the two-point noise-noise correlator and as a result, one can
obtain the standard deviation in the quantum gravitational Fisher information as

1 . .
(A (¢))” ~ m«{(m/(ﬂ 0), 64 (7,00 ) (W (e))?
[0 (1) 12
= gg0meza BT B 9R)(FT(E)) (6.226)
_ 11%100129%1%/1272 < — 22 (Qo—2wp)? _ e—f(90+2w3)2)2
960e%c

x (2 cosh? 2, + 4sinh? 2, + 6wpT sinh 47)B(7, 11, ©i) -

We shall now plot the standard deviation of the QGFI against the phonon mode frequency
when the frequency of the incoming gravitational wave is g = 20 Hz with the squeezing
parameter values fixed at rp = 0.8 and r; = 5, squeezing angles fixed at ¢, = (g = 7, and
the measurement time fixed at 7 = 1.0 sec, in Fig.(6.9). From Fig.(6.9), we observe that
the uncertainty in the measurement of the quantum gravitational Fisher information hits
a maximum value around the resonance point which is wp = % = 10 Hz. The important
thing to understand is that the uncertainty in the quantum gravitational Fisher information
does not exist if the background geometry has no quantum field theoretical fluctuations. A
more intricate behaviour of this standard deviation in the Fisher information can be observed

when it is plotted for different values of the measurement time as can be seen from Fig.(6.10)
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Figure 6.9: Plot of A% (¢) against the phonon mode frequency when a gravitational wave

comes with a frequency of 0y = 20 Hz.
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Figure 6.10: Plot of A% (¢) against the phonon mode frequency for a gravitational wave with
a frequency of Qs = 20 Hz where the measurement time 7 is fixed at different values.

where all other parameter values are kept fixed as has been used for the plot in Fig.(6.9).
We observe from Fig.(6.10), that with an increase in the measurement time, the maxima of
the standard deviation tends more and more towards the resonance frequency. The standard
deviation in the QGFT can be increase to such an extent that its value becomes very high.
In reality one can not measure quantum Fisher information directly and as a result it has
in reality no direct consequences from an experimental point of view unlike the minimum
value of the uncertainty in ¢ which indeed is a physically measurable quantity. Another
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important thing to observe from Fig.(6.10) is that with a decrease in the measurement time
the standard deviation in the QGFI shift away from the resonance point and its value gets
gradually suppressed. The primary reason behind the diminishing amplitude lies in the fact
that the standard deviation in the QGFI has a direct dependence on 7 and for vanishing
measurement time as can be seen from eq.(6.226), the standard deviation also vanishes. In
the next section, we shall work with a more generalized structure of the noise fluctuation
such one can take into consideration all possible phonon-mode frequencies.

6.7 A general quantum noise fluctuation

We shall now choose a more generalized profile for the noise fluctuation, which reads

SH(H,0) = e cos(Qot')8. (t,0) . (6.227)

Substituting the above noise template in the time-dependent solution of the Goldstone boson
¥i, (1) and with standard simplifications, we obtain

Vg, (1) = a8 expl—iwpt] + B expliwpt] (6.228)

where the Bogoliubov coefficients £ and 5% take the form

92 2

2
af=1- SB\/_LUBTQ 5 (7,0) (6.229)

A €B 20— 2 _ 2 2 €
55 — ?ﬁwBT <€ 7y 2 (Qo—2wp)? _ e~ 1 (Qot+2wp) ) <_

40N (T, 0)) . (6.230)

Following the procedure discussed in section (6.6), we can calculate the quantum gravitational
Fisher information and eventually its stochastic average which is given as

Q 2 . 2
; —KG15M;}]§T e — 2 (Qo+2wp)’ ((1 + cosh 4rp + 4 sinh? 2rg) (ez“’BQOTQ + 1)
g2c
+ 4(7 — cosh 4TB)62MQBT262MBQOTQ> Bk, Ok, T).

(6.231)
The important thing to observe in this scenario is that in the limit 7 going to zero the
stochastic average of the quantum gravitational Fisher information vanishes which happens
solely due to the consideration of a noise profile infused with a Gaussian decay term. This

noise profile introduced in eq.(6.227) now will help us to sum over all possible phonon mode
frequencies. At first, we can rewrite eq.(6.219) as

1 k2 o2\’
((Ae)?) _< k2 ) (Bep)?) (6.232)
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Making use of the equality condition in eq.(6.223) and summing over all possible phonon
mode frequencies, we can rewrite eq.(6.232) as

2
Lo =3 () e (6.259
—_— = =2 e)) . )
(@~ =\ #
Now the condensate is created inside of a box of volume Vg = L% where Lp is the side length
whereas there are ng number of atoms of the Bose gas that has contributed in the forming
of the condensate phase and as a result, we can express kg analytically as kg = ’m—E’f In the

L
continuous picture,we can replace ) by
kB

Z — (QVTB)B /OOO dkBk?B/dQ . (6.234)

B

Using the continuous picture, we can recast eq.(6.233) as

1 Vi > 7T ) 27 ‘ A
A = e ), kb [ st [ donsint O cos” 260 R5(E)
BEC 0 0 0

2N [ .

=T [ dnenb () 6235

0

7T47'2C2 292 ,7_21%2 7_‘_202

- 480L£ R+ %TG%S%(T, Tk, Ok, ) I3

where the integrals 72 and P are defined as

00 QZ 2 2 22,22 Q 2
B =4 / dnpnlyexp |- — ZLEST B 2 | TREZ00ST (6.236)
Iy =Ry /Oo dnpnp exp L 2726%27%23 sh? mnpQocsT?
0 2 LB LB
QZ 2 00
+ Ry exp {— 027 } /0 dngnp (6.237)
with Ry and R, being defined as
1
R, =1+ coshdrg + 4sinh?2rp , Ry = 5 (7 —coshdrg) . (6.238)

The second integral in eq.(6.237) is divergent, which can be taken care of using two strategies.
The first way is to provide a cut-off on the number of atoms that can exist inside of volume
Vg and the next one is to adjust the phonon squeezing in a way such that R, vanishes
resulting in a vanishing of the divergent integral in .%,®. Now, R, vanishes for the squeezing
value rg = %cosh_1 7 =~ 0.658. It is possible to control phonon squeezing in an experimental
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scenario. Making use of a second order Raman scattering process, phonons can be squeezed
and has been done in a crystal lattice [153,154]. In the presence of an optical lattice potential
where cold bosonic atoms are placed inside of the optical lattice [155], one can make use of
pump probe detection scheme [156] or second order Raman scattering [153] for controlled
squeezing of phonon modes. Hence, obtaining a squeezing of the phonons equal to rg = 0.658
is experimentally achievable'®. Executing the integrals in eq.(s)(6.236,6.237), we can simplify
eq.(6.235) as

! = 213 (3 + 607 + Qprt — 36_(2(2)272)
N((Ac)2)ME 7680277 ° ‘ (6.230)
MGVESH R, RB(T, tr, 01) (3 + 60272 + Qirt 4+ 3 —W) |
T, Tp, T T e 2 .
225me2/2mched T ko 0 0
It is therefore possible to write down an inequality of the form
1 VR, ( 2 2 44 9372>
< 3+ 60575+ Q7" — 3e” 2
N((Ac)?)pec ~ 7680V 213 0 0 (6.240)
FAGIURS 2.2 | (4 4 _9 '
225#6262\/§C%7393(7, v, o) | 3+ 69257 + Qpr" +3e7 2 ) .

This is one of the most important results in our analysis.

6.7.1 Some important results

We shall now focus towards a more restrictive analysis where we consider that the quantum
gravitational part in the Fisher information can not surpass the standard quantum Fisher
information. In standard experimental scenarios, the Bose-Einstein condensate is created in
a single direction primarily where the perpendicular direction remain relatively small and
it has been possible to construct a Bose-Einstein condensate with length Ly ~ 1072 m.
Now 7 is the time for a single measurement and as a result, it is possible to obtain 7 as
T = de—ix = LTB ~ 107! sec. Now when the incoming gravitational wave frequency g is of
the order of the cut-off frequency of primordial gravitational waves, that is Qg ~ Qy ~ 10%
Hz then Qo7 ~ 1073 < 1. If the total observation time is Tops. ~ M7, in such a scenario it is

possible to simplify eq.(6.240) as

1024/ 27 ed 1024{2,Q32 4
<(A5)2>BEC Z - TCgT 1 P1°*M -
Q5VeTobs R1 50me2c?  \ 3QT2

- 1) B(r, rk,%)) . (6.241)

We can now give a lower bound to the minimum time of measurement as ((Ae)?)pgc can not

be negative and, we obtain
2 32lp
in 2| ——————RB(T, 1, . 6.242
i 2\ 3o (7, Tk, ¢r) ( )

14Squeezing is in general represented in decibels. The dimensionless squeezing parameter rp is related to
the position squeezing parameter via the relation sp = —10log;o(e~272) [157].
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Now, T hits its absolute lowest value when €2y ~ €y and the gravitons are in vacuum
state with no inherent squeezing (% — 1). In such a scenario, we obtain the minimum
measurement time to be

. 2 32lp1

TMin 2\ 5=

M 3t ecfy
For a more stringent analysis, one can require that the quantum gravitational term in

eq.(6.240) must be less than or equal to the standard classical gravity wave induced term in
the quantum Fisher information. From eq.(6.240), we can write down the following expression

~ 1.59 x 107** sec. (6.243)

QO —>QM

2.2
1572 [ 3+ 60272 + Qdrt — 3¢~ %
B(T, e, 1) < 5127;25 52 T OMT + c — (6.244)
PIEEM\ 3+ 60272 + Qfmt + e~ "2
Now for ¢, = 7, we obtain the analytical form of
sinh 2r .
B(T,xk, pr) = cosh 2ry, — Wﬂk (2QMT cos(2QT) — sin(2QuT)) - (6.245)

At times 7 # 0, it provides a bound on the graviton-squeezing parameter r; but the discrep-
ancy arises at time 7 = 0. In the limit 7 — 0, the right hand side of the inequality becomes
zero whereas the left hand side reduces to cosh 2x;. From the equality one can find out the
maximum value of r, possible to be a complex number which is an unphysical condition
indicating that it is not very wise to implement such stringent bounds when gravitons are
involved in the analysis. We therefore shall not abide by this upper bound and we take this
liberty keeping in mind the fact that the quantum Fisher information is not a true physical
observable. Now the physical observable is indeed the amplitude and the standard deviation
in the measurement of the amplitude and the inverse square root of the quantum gravita-
tional Fisher information is related to it. In the next subsection, we shall investigate whether
the BEC acts as a true graviton detector.

6.7.2 Sensitivity curve of the BEC as a graviton detector

In this subsection, we shall investigate whether it will be possible to detect graviton signatures
while making use of a Bose-Einstein condensate. For reference, we shall make use of the
proposed sensitivity curve for the space based LISA (Laser Interferometer Space Antenna)
observatory. We make use of the sensitivity formula from the Scientific Research Document
(SciRD) [158], a detailed discussion of which can be found in [159]. The sensitivity formula,
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Figure 6.11: The BEC sensitivity formula is plotted against the LISA sensitivity curve against
different values of the incoming gravitational wave frequency.

presented in SciRD reads [159]

10 ( $i(v _
Shscirp (V) = 3 ((2;(1/))4 + 6’1[(1/)> R(v) Hz ! (6.246)
2
Si(v) =5.76"% (1 + %) sec”*. Hz ™! (6.247)
Si(v) =3.6 x 107" Hz ™! (6.248)
2
R) =1+ 2 (6.249)
vy

with the value of v; and 15 being 1y = 0.4 mHz and v = 25 mHz. For the expression for the
sensitivity of the Bose-Einstein condensate towards incoming gravitational fluctuations, we

make use of eq.(6.239) and the sensitivity formula is given by <(A6)2>%'%|QOH” Hz 2. Here, v
denotes the frequency of the incoming gravitational wave. We shall now plot the sensitivity
formula corresponding to the Bose-Einstein condensate against incoming gravitational wave
frequency and compare it with the sensitivity curve (y/Shserp (V) Hz’%) of the upcoming
LISA observatory. We set 7 = 107% sec, Tons. = 10? sec, speed of sound c¢g = 0.012 m -
sec™!, and Ly = 1073 m. We also vary the squeezing of the gravitons to compare the
sensitivity of the BEC to SciRD sensitivity formula [158,159] in Fig.(6.11). We observe from
Fig.(6.11), we observe that the LISA observatory is most sensitive about in the 0.001 — 10 Hz

range which is the standard frequency range for primordial gravitational waves. As we can
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Figure 6.12: Sensitivity versus frequency plot for the standard BEC-classical gravitational
wave interaction case along with the BEC-graviton case with high graviton squeezing and
then it is compared against the LISA-SciRD projected sensitivity curve.

see from Fig.(6.11), for a significantly higher squeezing of the gravitons, the BEC becomes
very sensitive towards incoming gravitational wave signals. Consider a future experimental
scenario where a primordial gravitational wave has been detected by the space based LISA
observatory. Now if a BEC based gravity wave detector (with minimal phonon squeezing)
also senses gravity wave pulses, in such a scenario one can claim for sure that this fluctuation
is generated solely due to the interaction of the gravitons with the Bose-Einstein condensate.
In such a case the gravitons have to be highly squeezed as can be seen from Fig.(6.11). If it is
possible to construct a meter long BEC (Lp ~ 1—1.5 m) which is extremely difficult to obtain
experimentally, in such a scenario, it is possible to achieve similar sensitivity curve for graviton
squeezing as low as v, = 37—38. In Fig.(6.12), we plot the projected LISA sensitivity formula
(v/Sh.scirD (V) HZ*%) alongside the BEC-gravity wave sensitivity model for classical as well as
the quantum gravitational case. We observe from the figure that for a classical gravitational
wave interaction with low phonon squeezing the BEC is not sensitive to incoming gravitational
wave fluctuations and in order to do so one needs high phonon squeezing (rp = 12) as can
be seen from Fig.(6.12). On the other hand for high graviton squeezing and low phonon
squeezing the BEC is sensitive in the primordial gravitational wave frequency range. Finally,
in Fig.(6.13), we observe that for a high phonon squeezing (rp = 17.2) and no-graviton
squeezing, a BEC has same sensitivity to classical gravitational fluctuation as well as a
quantum gravitational scenario. We also observe that for high squeezing of the phonons the
sensitivity of the detector significantly increases and it becomes sensitive in the 0.1-100.0
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Figure 6.13: Sensitivity is plotted against frequency and observed for the case when there is
a balance between graviton and phonon mode squeezing.

Hz range. The important observation lies in the fact that for a relatively lower squeezing of
the phonon modes (rg = 10.0) for a graviton squeezing as low as 1y = 32.5 the BEC based
graviton detector becomes sensitive in the 0.001 — 10 Hz range. Hence, the requirement of
the graviton squeezing can be controlled by properly tuning the phonon mode squeezing.
This helps in a balanced detection criteria for graviton-detection. One thing to remember
from all the the Fig.(s)(6.11,6.12,6.13) is that the BEC is not sensitive to classical gravity
waves unless the phonon modes are highly squeezed. Now, if such a scenario occurs in future
where even with relatively lower phonon mode squeezing a gravitational wave signature is
captured by the BEC based graviton detector when a simultaneous detection of primordial
gravitational waves has been captured by LISA then it is a confirmation that the BEC based
detector has been able to pick up graviton signatures. This implies that the Bose-Einstein
condensate can serve as one of the best candidates for graviton detection.

6.8 Decoherence from the interacting phonon modes
on the quantum gravitational Fisher information

In this section, we start by considering a more realistic picture where interaction among the
phonon modes has been considered. A simple way is to add a thermal bath to the BEC

149



system. In case of a Gaussian state with single mode only, the BEC covariance matrix goes
through a time evolution as

YR =Tpt) S5 TE) +38 (1) . (6.250)

In the above equation ¥ denotes the covariance matrix for a single mode Gaussian state and
¢ denotes the covariance matrix for the Gaussian reservoir. In case of a single mode of the
Bose-Einstein condensate we can replace X by g, (0), where X, (0) is given in eq.(6.172).
The dissipation factor I'p(t) is given as I'p(t) = exp [—%t} 1,.o where v is the dissipation
constant. The time-dependent covariance matrix corresponding to the Gaussian reservoir in
eq.(6.250) evolves as

i) =(1-e")xs . (6.251)

Using the analytical form of the dissipation factor I'p(t) and the covariance matrix of the
Gaussian reservoir from eq.(6.251), we can write down the elements of the time dependent
Gaussian covariance matrix from eq.(6.250) as [160, 161]

SE(t) = e—vtzgrij +(1—esS , Vi,je{1,2}. (6.252)

0045 ?

_ 1 . .
If pp(t) = T denotes the purity of a quantum state (expressed by a covariance

matrix) [113,160, 161] then for a single mode of a Bose-Einstein condensate, the elements
corresponding to the covariance matrix YBEC(¢) reads

SBEC (1) _ 2M1 7 (cosh 2 (1) + con (1) sinh 2 (1))

B
YBEC() = uBEC(t) = 0 sin (p(t) sinh 2rp(t) (6.253)
SBEC () = — L (cosh 2rp(¢) — cos Cy(t) sinh 2rp(t)) -

 2up(t)

Due to dissipation in the system, here rg and (B both becomes time dependent. Initially,
when the reservoir has been just connected to the bath then the purity, squeezing parameter
and phase can be expressed as u% = up(0), r% = rp(0), and (% = ((0). The matrix element
from eq.(6.253) can then be expressed as

1 .
EEEC — - (cosh 21 + cos Cf sinh 2r) |
Hp
1 .
P = S = g smdisinh 2 o2
1
EOBQEC =50 (cosh 27“% — COS (% sinh 27"%) :
Hp
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For the Gaussian reservoir, the covariance matrix elements read

G = T (cosh 274, + cos (o sinh 21,
Moo
1
Do = T = g SinGesinh 2ric (6.255)
OGOQQ - (COSh 27/'00 — COS COO sinh 27'00) .

2f00
where the purity, squeezing parameter and angle corresponding to the Gaussian reservoir
are denoted by fioo, Too, and (. As has been discussed in [113,160], it is quite natural to
set the reservoir squeezing to zero which reduces the covariance matrix corresponding to the
Gaussian matrix to ESO = /ﬁlQXg. The first step is to start with a finite reservoir squeezing
and later set it to zero. Using eq.(s)(6.253-6.255), in eq.(6.251), we obtain three equations
as given below

cosh 2rp(t) + cos (p(t) sinh 2rp(t) e

(Cosh 2r% + cos (% sinh 27"%)

pus(t) My
(1—e™)
+ ——= (cosh 2ry, + cos (o sinh 2r,) (6.256)
fhoo
1 in Cp(t) sinh 2 (£) e ¢ .hzo_l_(l_e_wt in (oo sinh 2
sin sinh 2r = ——sin (p sinh 2r sin (y sinh 274, |
2up(t) 7 v 2uy, P b 200

(6.257)

and

cosh 2rg(t) — cosé])g(t) sinh 2r (%) _ e—ovt (cosh 20 — cos ¢ sinh 2:)
KB Kp
L=
oo
Using eq.(s)(6.256,6.257,6.258), and solving them we arrive at the time dependent evolution
equation for the purity, squeezing parameter, and angle as'® [161]

(cosh 27y, — cos ( sinh 2ry,) .

2 0
ps(t) = u% {e_zﬁ 4 ZHB (1 —e™") [cosh 2r} cosh 27 — cos[(f — (o] sinh 27 sinh 27 |
[hoc
02 _%
+EB (1 e”)z] : (6.258)
Mo
1 . et 0o  l—et
re(t) = 3 cosh™ |up(t) | —5—cosh2ry + ————cosh2ry || , (6.259)
122z} Moo

0
sin (% sinh 27 + 25 (&7 — 1) sin (., sinh 2r
Cp(t) = tan™! e e — (6.260)
cos % sinh 2r% + - (7 — 1) cos (oo sinh 274,

oo

150ur results are slightly different from the one used in [161]. The primary reason behind this fact is that
the the covariance matrix elements derived in our current analysis are slightly different then used in [161].
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We shall now set the reservoir squeezing parameter value to zero which reduces eq.(6.260) to
Cp(t) = tan™" [tan (3] = (3 . (6.261)

Hence, we find out that for zero squeezing of the reservoir, the squeezing angle remains fixed
with time. Again using the condition 7o, = 0 in eq.(s)(6.258,6.259), we obtain a much simpler
expression for the time evolution of pg(t) and rp(t) as

/1/0 2 ) 2,u0 _%
pp(t) = u% e " + —g (1—e)"+ /L—Be’”’t (1 —e") cosh2ry : (6.262)
1 ot 1— e
rp(t) = = cosh™! [uB(t) {6—0 cosh 2r% + —eH : (6.263)
2 IB Poo

0
Now, one can take the assumption that r% > max [5—3, ’;%’}, one can obtain the analytical
o0 B

form of ¢ for which pu(t) reaches its minimum value to be [160, 161]

1

tmin = — In

(6.264)

1% + p2 — 249 p1o cosh 27”%]

197 — 1% 1o cosh 21,

The time t,,;, can also be considered as the characteristic decoherence time corresponding to
the squeezed single-mode state of the bosonic system. The primary change in this physical
scenario is that the phonon squeezing parameter as well as the phase gets a direct time
dependence. The first step is to again write down the covariance matrix an proceed from
there. The stochastic average of the quantum gravitational Fisher information from eq.(6.194)
in this set-up takes the form

A 1 2 2

(Z () = MWW%T2 (eQwBQOT2 — 1> ¢~z (Qot2p)” (14 coshdrg(r) + (1 — 3cos2(p)
B

B

15me2c2u%(T)

+ 6wpT cosh 27“3(7)\/(:osh2 2rp(t) — 1>93(T, g, Pk -

x sinh?2rp(7)) + (1 — 2whT? + cosh? 2rp(7) (1 + 6w5T?)

(6.265)

In the above equation, we have replaced the time ¢ by the single measurement time 7 in
rp(7) and pp(r). One now needs to identify the form of the decoherence factor v. When
the temperature is very low in the bosonic model system then Beliaev damping takes place
which will take the analytical form at absolute zero as [162-164]
3 o}
v ———B (6.266)
640m mpnpcy

with mp denoting the individual mass of the atoms and np denoting the atomic number
density. Now, it is straightforward to consider the atomic mass in the 10~2® kg and the speed
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1 3

of sound to be cg = 1.2 x 1072 m - sec™!. For the number density being np = 7 x 10%° m=3,
the Beliaev damping factor has the value v = 9.034 x 10~'? sec™! which is significantly small.
For such a small value of the damping coefficient, there is barely any change while measuring
the uncertainty in € compared to the standard non-interacting model of the BEC. Now, if we
consider a relatively low number density of atoms ng = 10?> m—3 the Beliaev damping takes
the value v ~ 0.632 which is way higher than the one presented in eq.(6.266). We now take
the phonon mode frequency to be wg = 10 Hz and the BEC to be initially pure (u% = 1).
We also consider the reservoir to be pure, that is oo = 1. We set the graviton squeezing
parameter to be r; = 15.0 and angle to be ¢, = %, whereas the phonon squeezing parameter

is set to % = 0.83 and angle to (% = 5, and plot V/ ((Ag)?),,, against the measurement
time 7 in Fig.(6.14). From the plot in Fig.(6.14), we observe that due to damping from
the interacting phonon modes the fall of the minimum value in the standard deviation of
the gravitational wave amplitude becomes slower compared to the non-interacting case with
increasing measurement time. Indicating that phonon mode interaction results in a lower
accuracy for detecting graviton signatures using a BEC. Although for very small measure
time 7 = 107% — 1073 sec, there is almost no significant change due to this Beliaev damping
and the difference is purely noticeable for higher values of the measurement time.

6.9 Discussion and summary

In this chapter, we have considered a relativistic Bose-Einstein condensate interacting with
the quanta of linearized gravity. Here one starts with the complex scalar field Lagrangian
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with ¢* interaction in a curved background and extremizing the action with respect to the
amplitude part of the complex scalar field. This gives one the relativistic Lagrangian cor-
responding to the Bose-Einstein condensate in a curved background [113,149]. From there
one can write down the action corresponding to the time-dependent part of the pseudo-
Goldstone bosons. The action corresponding to the gravitational fluctuation is obtained
from the Einstein-Hilbert action. In order to incorporate quantum gravity effects into the
system, we decompose the gravitational fluctuation term its individual Fourier modes and
then raise the Fourier mode functions to operator status where the Fourier operator and its
complex conjugate follow an appropriate canonical commutation relation. Because of the
quantum gravity effects being incorporated in the model system the equation of motion cor-
responding to the time-dependent part of the Goldstone bosons become stochastic in nature
where the stochastic nature is incorporated via the fluctuation part of the graviton mode
operator. Hence, the equation of motion corresponding to the bosons become Langevin-like
in nature. Solving the Langevin-like stochastic differential equation, it is possible to iden-
tify the Bogoliubov coefficients from the analytical form of the time-dependent part of the
pseudo-Goldstone bosons. Now, due to the noise-fluctuations induced by the gravitons, the
Bogoliubov coefficients also gets infused by the quantum gravitational noise terms and as a
result they become operator valued in nature. Using the analytical forms of the operator
valued Bogoliubov coefficients, we have then calculated the quantum Fisher information by
making use of quantum metrological techniques. As a result of the noise induced by gravi-
tons, the quantum Fisher information has contributions from the graviton noise terms. This
information theoretic quantity is completely different from the quantum Fisher information
and we call it as the quantum gravitational Fisher information or QGFI. In order to get a
physical insight the stochastic average of the QGFTI is taken with respect to a chosen gravi-
ton state and using this, we write down the quantum gravity modified Cramér-Rao bound.
From the quantum gravity modified Cramér-Rao bound, we have obtained the minimum
value in the uncertainty of the gravitational wave amplitude. The square of this uncertainty
is proportional to the inverse of the stochastic average of the QGFI. From this expression,
we get some very important insights. We find out that even for a very small measurement
time it is possible for the BEC to pick up graviton signatures provided the squeezing of the
gravitons are very high. It is important to note that a true non-perturbative analysis is
required for such high squeezing graviton-BEC interaction analysis but the overall behaviour
will remain the same. This scenario may seem unphysical in nature as a zero time detection
of gravitons is very bizarre. In this scenario, the field is present and the quantum behaviour
of the gravitational fluctuations make it possible for a very small time detection scheme.
Next, we have considered an more natural template of the noise term where the noise fluc-
tuation is infused with a Gaussian decay term. This Gaussian decay gives the opportunity
to consider all possible phonon mode frequencies and consider the effect of the entire BEC
system as a whole. We observe that the stochastic average of the QGFI depends on the
standard term which generated solely due to the interaction of the classical gravitational
wave with the BEC, where as the term dependent of the square of the Planck length and the
two point noise-noise correlator generates solely due to quantum gravity effects. Using the
LISA projected sensitivity formula and comparing it with the sensitivity formula obtained
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in our analysis, we observe that the quantum gravitational consideration always increases
the sensitivity of the BEC and for a very high graviton squeezing with minimal squeezing
from the phonons, the BEC becomes as sensitive as the projected LISA sensitivity curve in
the 0.01 — 10 Hz frequency range. The important thing to note is that for the case of a
detection of a primordial gravitational wave along with a simultaneous detection by a BEC
based future generation gravitational wave detector ensures the fact that graviton signatures
have been captured. The primary reason behind this phenomena is that the BEC is sensitive
to gravitational fluctuations when there is an amplifier like a graviton squeezing. Increasing
the graviton squeezing does dramatically increase the value of the graviton induced part in
the expectation value of the QGFI making the BEC sensitive towards primordial gravitation
fluctuations in the low frequency ranges. Hence, if a primordial gravitational wave is cap-
tured by the LISA observatory in future the simultaneous detection by a BEC based detector
can happen only if gravitons have interacted with it. This makes the BEC as one of the best
candidates for graviton detection. Finally, we have considered a more physical scenario where
we have considered interaction between the phonon mode frequencies leading to an overall
decoherence effect. We observe that while the phonon modes are interacting with each other
the BEC becomes less sensitive towards the gravitational fluctuations than the standard case
due to Beliaev damping at lower temperature Bose-Einstein condensates. In the next chap-
ter, we extend the analysis of this chapter by incorporating a purely quantum gravitational
model corresponding to the BEC part as well. In the next chapter we also propose a BEC
based graviton detector which is based on the principle of atom interferometry.
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Chapter 7

Gravitational Bremsstrahlung from a
Bose-Einstein condensate

In the previous chapter, we have discussed in details the model for a Bose-Einstein condensate
and its interaction with gravitons, and we shall continue our analysis here and aim to propose
an experimental model for future detection of gravitons. As has been discussed earlier,
quantum gravity becomes dominant at very small length scales and to probe such lengths,
one needs to access excessively high energy scales. The problem with building such high
energy colliders lies in the fact that the radius of the colliders need to be of an unprecedented
length. The highest energy reached by the Large Hadron collider (LHC) is 13 TeV whereas
for probing the Planck length, one needs an energy of the level of 10'® TeV. Hence, making a
particle accelerator just by using high energy colliders, is still an impossible task. Therefore,
it is more efficient to look for ways to enhance the weak signatures of quantum gravity (if
they exist) in an executable experimental set-up, which is possible to build with the current
and most advanced engineering techniques known to the human kind. Recently, in [47-51],
graviton detection via investigating the entanglement generation between two massive bodies
have been claimed analytically. In these works, the entanglement is generated between two
massive bodies due to graviton exchange, where two gravitons can superpose with each other
(as the consideration is purely in a linearized quantum gravity model). This gravity mediated
entanglement generation considers gravitational perturbations due to two massive coherent
bodies, where it is still a challenge to prepare a coherent mass dual experimentally. Recently,
in [165], the use of matter-wave interferometry to detect the decoherence due to dipole-dipole
interaction in the quantum gravity induced entanglement of the masses has been proposed.
In [166], a proposal for detecting quantum gravity signatures in quantum gases has been made
as well. We have made use of the quantum metrological techniques in the previous chapter to
find out the sensitivity of a Bose-Einstein condensate towards graviton fluctuations. We have
found out that for high graviton squeezing and a moderate amount of phonon squeezing, the
Bose-Einstein condensate (BEC) works as the best candidate for graviton detection. Here, *,
we follow a density matrix approach for the BEC-graviton model system where the analytical

IThis chapter is based on the publication S. Sen and S. Gangopadhyay, “Quantum nature of gravity in a
Bose-Einstein condensate”, Phys. Rev. D 111 (2025) 066002.
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form of the time-dependent part of the Goldstone bosons follow from the earlier chapter. By
tracing out the gravitational field degrees of freedom, we then investigate the signs of graviton
induced decoherence in the reduced density matrix which corresponds to the graviton infused
state of the Bose-Einstein condensate. This chapter is organized as follows.

We start with the basic discussion of the model system that has been implemented in the
current analysis. Next, the BEC part as well as the graviton part is quantized using canonical
quantization techniques. Then we use the von-Neumann equation of motion corresponding
to the density matrix of the graviton-BEC model system. Tracing out the field degrees
of freedom, we then arrive at the reduced density matrix, where we search for graviton
induced “bremsstrahlung” in the Bose-Einstein condensate. We then make use of a maximally
entangled momentum state of two Bose-Einstein condensates and based on the analytical
form of the reduced density matrix, we propose an experimental model for atom laser based
graviton detection, where we have made use of few subtle techniques (proposal) used in atom
interferometry experiments.

7.1 Background model and some important aspects

The background metric is given by the standard Minkowski metric with gravitational fluc-
tuations upon it as has been discussed in eq.(6.61), where we continue to follow the mostly
positive signature for the metric tensor. The dynamics of the gravitational fluctuation can
be obtained from the Einstein-Hilbert part of the action, the analytical form of which in the
transverse-traceless gauge is given in eq.(6.67). The action for the complete model system is
obtained by combining the Einstein-Hilbert action with the Bose-Einstein condensate action
and the combined action follows from eq.(6.103) as

1 2

=53 [ )
k.q

2I<JG

. 2 - - o
o [ e | ], 0 =& |5+ L ST ot e (B)| 3 ik
Fo ¢k Fs

hat, /Z)‘2 — k2 |y (1, F)

(7.1)

Vg, (1)

:

where the discrete mode decomposition of the gravitational fluctuation term in the transverse
traceless gauge as well as the mode decomposition of the Goldstone bosons reads

Rt )2 (R) . mn(t,@) = v, W exp |ifp 7] . (72)
kB

In eq.(7.1), the constant v and the speed of sound in the condensate cg have the analytical

forms
Vv 302 2 .2 0% /2 — mLc?/p2
YB B ( UB — mBC ) , Cg = C\/ B/ o /f . (73)

2)\BC c? h? 3023/02 — mZBcg/hz
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In the current analysis, we have taken the natural units that is A = ¢ = 1. From the action
of the system in eq.(7.1), it is easy to check that the action is in the S = [ d¢L form, and as
a result one can easily read off the Lagrangian for the model system as

L:%Z( hq(t,E)‘Q)

k,q

+7B Z)@%B ‘ Cs Mij + QRG Zh tk ) Zkin?fé
kp

. 512
hq(t,k)‘ e

Vi, (lf)‘2

In order to quantize the theory canonically, we need the conjugate variables to the variables
he(t, k), hy(t k), ¥5 (t), and (B (t). The conjugate variables corresponding to the Fourier
B

mode function h,(t, /;) and its complex conjugate h; (t, E) can be obtained from the Lagrangian
in eq.(7.4) as

- L 1. -
_or “hy(t k) . (7.5)
Ohy(t, k) 2

- oL 1., =
k :.—_,:—h* ,k? y * ,k' =
Bt ) = o = gl R B0 R)

One can also find out the conjugate variables to ¢y (t) and w;%B (t) as

oL . oL
), P () = —
8¢EB(t) /quvka( ) kB< ) awgB (t)

Py (t) = = y5U5, (1) - (7.6)

The total Hamiltonian of the system can then be obtained by using the above conjugate
variables and the Lagrangian from eq.(7.4) in the following way

H(t) = 37 (Balt )hg(t,F) + By 8 R ) + 3 (P, (00, (0 + P (007, (1) — L
E,q EB
= Hy(t) + Hint ()
(7.7)

where the base Hamiltonian Hy(¢) and the interaction Hamiltonian Hi,(t) are defined as

ZZ‘Bqtk Z/.c2 (t, k)Ri(t, k)

T Z ) + vBc% Z K3, (D05 (¢) (7.8)
kp
Hins (1) 2/<;G730s DO hy(t k)el (k) kpklr, (t)r (t) - (7.9)
kq kB
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In order to quantize the model system, we raise the Fourier mode function corresponding
to the gravitational wave modes as well as the wave vectors to operator status, and imple-
ment suitable canonical commutation relation between hg(t, k), 1&1?3 (t)? (and their Hermitian
conjugate) and there conjugate operators. The conjugate operators are obtained by raising
the conjugate variables in eq.(s)(7.5,7.6) to operator status. The interaction Hamiltonian
operator now reads

Hine () = QK\C;”_BCS S gt )l (k) khdig, (005 (1) - (7.10)
k. ks

In the above expression, the analytical form of the graviton mode operator ﬁq(t, l;) can be
taken directly from eq.(6.123) of Chapter(6), and is given as follows®

P T o, 4 y in(k(t —
ha(t, k) = he(t, k) + Shl(t, k) — ’Y\J;EGCSq Zk@ k;f/ i (k )

2

Wy (1)

(7.11)
Here, h¢\(t, k) is give by he(t, k) = <Bé(t, k)). Here the expectation is taken with respect to
initial graviton states. In the next section, we shall start by writing down the von-Neumann
equation of motion corresponding to the density matrix of the joint Bose-Einstein condensate
and graviton model system.

7.2 The von-Neumann equation of motion for the den-
sity matrix of the system

The primary focus of our analysis is to search for graviton induced decoherence in the Bose-
Einstein condensate?. To calculate the decoherence, we follow the methodology depicted
n [167], and later adapted in [55,56]. We consider the density matrix corresponding to the
BEC-graviton system to be denoted by pg, and for the model Hamiltonian in eq.(7.7), the
von-Neumann equation of motion reads

50) _ L tsr(e) pste) (712

As we are working in the operator description where the operators are quantum mechanical,
the Liouville equation of motion is termed as the von-Neuman equation of motion. Now, the

2We denote @ZA)E (t) by simply JJEB (t). The important difference between the early analysis with this one
- :

is that in the previous chapter the time dependent part of the Goldstone bosons became operator valued
due to the fact that it got infused by the graviton noise term. However, here the phonon mode wave-vectors
being operator valued gives the BEC part an inherent operatorial behaviour.

3The only difference here is that the wave vectors corresponding to the BEC part are raised to operator
status as well.

41t is important to note that, we are concerned here primarily with the momentum states of the bosons
as the condensation is a phenomena occurring in the Fourier space, where the matter waves corresponding
to the matter waves overlap with each other creating the Bose-Einstein condensate.
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Liouville superoperator corresponding to the total Hamiltonian of the system in eq.(7.7) is
defined as

8L (1)ps (1) = —[A(1), ps()] .

_%[ﬁo(w, ps(6)] = = [Hi (1), fs(1)]

where in the last line of the above equation, we have made use of the fact that H(t) is a
combination of the base Hamiltonian ﬁo(t) and the interaction Hamiltonian f[int(t). Using
the definition of the Liouville superoperator from eq.(7.13), we can write down the Liouville
superoperators corresponding to the base Hamiltonian and the interaction Hamiltonian as

? ~ Uor N in ~
La(t)ps(t) = =5 [Ho(t), ps(t)] QU ()ps(t) = — 5 [Hine (1), ps(t)] - (7.14)
Using the above expressions, we can recast eq.(7.13) as

L (1)ps () = L8, (1)s(t) + Ly (1)ps(t) - (7.15)

Here, we shall restrict ourselves to a single mode analysis only. It is now possible to express
eq.(7.12) in terms of the Liouville superoperator corresponding to the total Hamiltonian of
the system as

aﬁ () Tot
;t = Q1% (1) ps(t) . (7.16)

Our next aim is to solve the above von-Neumann equation of motion.

7.2.1 Solving the von-Neumann equation of motion

We start with the analytical form of the von-Neumann equation in eq.(7.12)

8%(0 _ _%[ﬁ(t) ps (1)

— ps(t) = h/ dt'[H(t'), ps(t")] 4+ Const. .

t;

(7.17)

At t = t;, the integral in the above equation vanishes and the constant is set to ps(t;). We
can then rewrite the above expression as

pi(t) = ps(t) — 1 / aeE(H), ps(t)] (7.18)

ti

Substituting the above expression for ps(t) inside of the commutator bracket in the right
hand side of the above equation, we obtain

pult) = ps(t) — 5 [ el psteo) + (5 ) [ o [mt'), / dt"[mt"),ﬁs(t"ﬂ] .
(7.19)
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Repeating this process continuously, we can rewrite the above expression as

put) = st — & [ty sl + (1) [ e [ e, o)+
— sl — & / s} (1) | [ [ avae, me. s
o [ [ attie. e, o]+

where in the last line of the above equation, we have made use of the fact that ¢ and t” are
dummy indices and we have made a swapping between ¢’ and t” while writing the second
integral in the final term in the right hand side of the above equation. We now invoke the
Heaviside theta functions to simplify the above equation

(7.20)

pu(0) = () [T, ps(0)] + 5| / ' / O — ")t [H(¥). ("), s(t,)]

i

v [farow o) [ artine. @), st + -
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dt"et" -+
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o e |

= istt) = 5 [ AU s(0) + g [ v [ [ — 0L, ), ps(e)])
+ Ot — ) [HE"), [H(t'), ps(t:)]]| + -+
(7.21)

Making use of the definition of the Liouville superoperator from eq.(7.13), it is possible to
simply write down the above expression in a much simpler way as

ps(t) = ps(t:) + /tdthOt /dt/dt”c‘ [R5 ()] ps(t) + -+

= [ Jis Q;T‘?t t)} ps(ts)
(7.22)

where I [- - -] denote time-ordering. Eq.(7.22) gives the solution to the von-Neumann equa-
tion of motion in eq.(7.16). Our next aim is to obtain the analytical form of the reduced
density matrix of the system after the graviton part has been traced out.
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7.2.2 Reduced density matrix of the Bose-Einstein condensate

The system density matrix ps(t) denotes the combined state of the BEC-graviton system.
Now, to truly investigate the graviton effects on the BEC part, we now need to trace over all
the field degrees of freedom where the field refers to the graviton part. After tracing out the
field degrees of freedom, one obtains the graviton influenced density matrix of the condensate
at t; (some final time) as

Phpc(ty) = tre [ps(ty)]
t 1QTot. (41 723
— tro {9‘ [eftif dt’ It (¢ )} ﬁs(tz)] ( )

where the & in the superscript of pgyo denotes that it is a reduced density matrix. It
is possible to separate the time ordering into two parts, one corresponding to the BEC
part and the other corresponding to the Field part as 7 = JB¥CTZ . Making use of the
decomposition of the Liouville superoperator from eq.(7.15) in eq.(7.23), we can write down
the reduced density matrix pggq as

t 1Q / e t 11 Qint (417
pBEC(tf) _ G"BEC |:6ftif dt 2gu(t )tl"g; |:9r.jv |:€ftif dt gSu(t ):| ﬁs(tz):|:| ] (724)

Dealing with a time ordering of infinite number of Liouville superoperators is very difficult

and it is possible to do a simplification of the I [ ft a8 tu)] ps(t;) part from the above

equation. Let us consider that the time interval ¢y — ¢; is a combination of N numbers of
small and discrete time steps of value At. Then it is possible to express the time interval
ty—t;asty —t; = NAt. To come back to the continuum limit, one needs to take the N — oo

Lf o Gint (g
and At — 0 limit simultaneously. Hence, 7% [efti atrg (¢ )} ps(t;) can be recast as

o tf 7 Qint (47 “
7 o 8]

= lim, exp A3 8210 + (807 D€, 2001 0 7o)
NER 3:k=0 '
J>k

:exp{/ti dt QB (t) /dt/ dt@t—t’[lm() mt(t)]]pg(t)

where to obtain the second line of the above equation, Baker-Campbell Hausdorff formula
has been used. We now need to calculate the commutator bracket [in(t), Line(t')]p(t:) to
further simplify the expression in eq.(7.25). Using the analytical expression for the Liouville
superoperator in eq.(7.14), it is possible to write down the analytical expression for the
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commutator bracket as

[RE1(1), LG (1)) s () = LEIHLEGL(t)hs () — LEH(E)LEL (s (t:)

= [ 0) a0, s (00]] + 75 [ (), [ (1), (1)
B _% _Hint(t), Hint(t/>:| ps(t;) + %ﬁS(tz) [Hiﬂt(t)a [:[i“t(t/)}
= (95200 s (1) =~z [[Bn0). B 0] 5000

(7.26)

As we are working in natural units, the A2 from the last line in the right hand side of the above
equation can directly be set to unity. All the dimensions will be reconstructed properly when
we shall investigate the phenomenological aspects of the model. To completely obtain the full
analytical expression corresponding to the left hand side of eq.(7.26), the first step is to obtain
the commutator bracket between the two interaction Hamiltonians in the right hand side of
eq.(7.26). Making use of the analytical form of the interaction Hamiltonian in eq.(7.10) (only
single mode of the BEC has been considered), we can write down the commutation relation
between the interaction Hamiltonians up to second order in the coupling constant kg as

[ A (1), Hiae(#)
4*@0730522[%1” (), Ohiy (', Rl ()| R i, (01, ()

qu//

2k L 2% I )
=2k \/ﬁz:cihltk < (k), \/EZMIt Kel (K| Rihblbsk g ()05, (8%

k/ /

(7.27)

From eq.(6.127), we already know the analytical form of the graviton noise operator term as

SNy (t, &) = S Shl(t K)e e (R) . (7.28)

For ¥ = 0, we can obtain from the above expression

5.A75(t,0) = =56 Gy Z 5L, F)el (F) (7.29)

q

W<QM

where Qy ~ 108 Hz gives the ultra-violet cut-off frequency as also has been used in the
earlier chapter. Using eq.(7.29), it is possible to recast the commutator bracket in eq.(7.27)
in terms of graviton noise fluctuations as

A A

[Hing (1), Hin ()] = 755 [5/’725 (t,0), 041 (t', 0)| Kk Rphg g, (6) P, ()P, (7.30)
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The commutator between the two interaction Hamiltonians has contributions from the gravi-
ton noise fluctuation terms in the quadratic order, and as a result any graviton noise con-
tribution from the modulus square of the time dependent solution of the Goldstone bosons,
WEB (t)]?, can be neglected as they are of ©(6.43) or higher. The commutator between the
graviton-noise terms is just a number, and therefore it is possible to recast eq.(7.26) using

eq.(7.30) as
[Q82(1), QB Nbs (1) = —13e810035(2,0), 0¥, 0)] Kk ks g, (D1, (#)2, ps (k)
(7.31)

In order to write the expressions in a much simpler form, it is now possible to define two new
operators given as

K7 (t)ps(t:) = kigh %WB()\ps( i) (7.32)
KY()ps(ts) = ps(ta)kighly g, (8] - (7.33)

Making use of eq.(s)(7.32,7.33), we can rewrite eq.(7.31) in terms of the newly defined oper-
ators &Y (t) and K" (t) as

[RE1(1), B8 (1)) ps (1) = —7BCE[0435(1,0), 6.Mm (', 0)] (ﬁij(t)ﬁff“(t’) - ﬁli"(t’)ﬁi_j(tﬂ ps(ti).
(7.34)

Few important observations are in order. First, the noise-noise commutator is a number and
can be taken out of the field trace in eq.(7.24), and at the same time both the operators
K7(t) and KY(t) are also completely independent of any contributions from the gravita-
tional field and achieves the same fate as the noise-noise commutator term. Hence, using
eq.(s)(7.25,7.34), it is possible to rewrite eq.(7.24) as

ﬁngc(tf) _gBEC { ftfdtszgu(t) A’BCS ftfdtf T dt' O (t—t')[0.455 (4,0),0.41m (t,0)| (RY (1) K™ (1) — K™ (1) K7 (1))

tf Qin:
X tI‘g: |:€fti dtgsllt(t)ﬁs(ti>i|:| .
(7.35)
At time t = t;, the interaction between the gravitational wave as well as the Bose-Einstein
condensate has started and as result, one can quite safely take the initial density matrix of
the system to be separable where we can express it as a tensor product between the density

matrix corresponding to the BEC part as well as the graviton part. We can then write down
the total density matrix for the system at ¢t = t;° as

ps(ti) = perc(ti) @ pz(ti) - (7.36)

5The initial time ¢; can also be set to zero without any significant loss of generality.
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We now define a completely new quantity W[@+, K _] containing the trace over the field part
in eq.(7.35) as

V(Rs, K_] = tr [eftif WO (1) (7.37)

Using the decomposition of the density matrix from eq.(7.36), we can simplify eq.(7.37) as
WKy, 8] = trg [ Sl a8 ©pg(t; )} peEC(ti)
bf . Gint N
= <efti e (t)> peEC(t;)

~ (1+/t at (831 / dt/ ar (SR ) +~~)ﬁBEc(ti)

~ pprc(t / dt/ dt’ Smt )R (¢ )>gpABEC(ti)
(7.38)

where in the penultimate line of the above equation, we have made use of the fact that the
Liouville superoperator is directly related to the quantum gravitational noise fluctuation,
and as a result any one-point correlator will vanish. Here, we have also neglected any higher
order contributions in the Liouville superoperator corresponding to the interaction part of
the Hamiltonian as they will contribute towards higher order graviton noise correlators.
Using the definition of the Liouville superoperators in eq.(7.14) and the analytical form of
the interaction Hamiltonian in eq.(7.10) along with the graviton noise fluctuation term in

eq.(7.29), we can express <A§ﬁ(z€) mt(t’)> peec(ti) as
(SOBE))_ panc(t)
= b [(5500. 0001 (,0))_ KUK ) — (53, 000.05(0,0))_ K1) &7 1)
= (1,000 (,0)) _ KTOK ) + (031, 0)0475(2,0))_ KT OK ()] pwe(r)
(7.39)

Making use of the expression in eq.(7.39), and substituting it back in eq.(7.38), we arrive at
the expression

2 4 ty t
N YBCq , ~ ~ ,
/AN AN A :exp{——/ dt/ dt 0N (t,0), 0 (1,0
[ + ] 92 . . <{ ]( ) l ( >}>g

X [s%ij OK™ () + KYOK™ () — K9 (K™ — K™ (1) KY (t)}
—@ /t 7t / v {5/@(1&, 0), My (t, 0)] (s%lzn(t')s%fz (t) — K7 (t)s%{;n(tf))] perc(ti) -

’ (7.40)
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Before writing down the expression for the reduced density matrix in eq.(7.35), we need to
define two new operators that shall help us to write down the expression for the reduced
density matrix in a compact form. The two new operators are defined as

KU(0)5 = [khhlie, (0. 0] = (87(0) - 87(1) (7.41)
KU(0p = {kphbldg, (P, 5} = (&7(6) + 87(1) 5 (7.42)

Making use of the operator redefinitions in eq.(s)(7.41,7.42), and eq.(7.40), we can rewrite
the analytical expression for the reduced density matrix corresponding to the BEC part in
eq.(7.35) as

PBEC tf )

Vack [t t . . P
= gBEC [exp ( / ALY, B—S / dt / dt’ 5,/1@(1&, 0),5/Vlm(t’,0)] s%y(t)ﬁf;"(t’))

X exp< 72045 | / dt / dt’ 5/1@@ 0), 6Mjm(t, 0)}>g f%ij(t)ﬁff”(t/)) ﬁBEC(ti):|

9BEC{ ST 89, ()~ bk S dn [ a(6.7:(4,0),8 i (.0 )}R?(t)ﬁé’"(t’)%(t 7t PABEC(t')}

(7.43)

where a new operator % (t,t;) is defined as

A 2 4 ty t . . o .
T (b, 13)p = exp (—”f;ﬁ [ [ e ({oie.0).60m(0.0)}) @?(t)ﬁi%’))ﬁ.
t; t;

(7.44)

F

Eq.(s)(7.43,7.44) are one of the most important results in this analysis. We start with the
standard calculation of the [5./!72-]- (t,0), M5 (', O)} commutator when the mode decomposi-

tion of the graviton mode operator are done with the mode functions referring to graviton
vacuum state. Using eq.(7.29), we can write down the above commutation relation as

[3034(1,0), 601 (#,0)] = 4”6‘22 (Sha(t, R)el; (R), ohl (1, el ()|

qu//

= e ST [P - g ) . (i) e ) )

Eq k.q

(7.45)

where we have made use of the expression of § ilé(t, E) from eq.(6.114). We can further simplify
the above expression as

4/4, ) 7 N
05 (1,0). 0.1, (¢'.0)] = TE ST ST el (Ryel (B [y (e, B, b (. )] (7.46)

kq k//
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In order to to obtain the analytical form of the above commutator bracket, we use the mode
decomposition of hé(t, k) from eq.(6.108), which helps us to write down the bracket as

Tyt ), gy (8, K | = 60,0005 _r (a8 o (t') = () fie (1)
sin(k(t — ')

= _ZTéq,q/élZ,fﬁf :

(7.47)

Substituting the above result back in eq.(7.46), and after a little bit of simplification, we
arrive at the following expression for the commutator bracket in eq.(7.46) as

[5/@(75,0),5/%(5,0)} = —iCijim(t, 1) (7.48)

where the analytical form of (;j;,,(,1") reads

N 2KE 2 sin(Q(t — 1)) Qcos(Qu(t —t'))
Gijim (8, 1) =202 (5ij5lm + 0imdji — §5ij51m) ( ‘1) - PR .

(7.49)

The important thing to note is that, we have restored ¢ in the expression for ;i (¢,t') where
Gijim(t,t') is indeed a number.

7.3 Maximally entangled BEC state and graviton in-
duced bremsstrahlung

With the basic analytical form of the reduced density matrix for the Bose-Einstein condensate
part in eq.(7.43), we start by considering two Bose-Einstein condensates, where the initial
state of the system is maximally entangled. The maximally entangled state of the joint BEC
system takes the form

orc) = —= (1Fa.) @ [05,) +105,) @ [Fs,)) (7.50)

where the state is considered at time ¢ = t; = 0. The action of the k%, operator on the
state |l;3f>6 gives E%IEBJC) = k%f‘];Bf% where f = {1,2} and j being the spatial index, takes
the values j € {1,2,3}. A Bose-Einstein condensate is formed by superposing matter waves
corresponding to each bosons in the Fourier space, and as a result it is quite natural to
denote the BEC state by the transverse wave-number, which is related to the number of
particles in the condensate. Here, the states are eigenstates of the transverse wave-number
operator. We here therefore consider eigenstates corresponding to individual phonon mode
frequencies instead of the position eigenstates, which will not be able to properly identify the

5Here, the state |EB ;) denotes the state of the Bose-Einstein condensate corresponding to the ft BEC
system.
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decoherence effects generated due to interacting gravitons with BEC. We now need to write
down the initial state corresponding to the entire model system. Now, if the state of the
quantum gravitational field (which can be treated as the environment here) is given by |hg)
(at time t = 0), in that case, for the interaction between the quantum gravitational field and
the condensate system, it is possible to write down the initial state of the system as

s =5 (1Fen) © 105,) +105,) © 1)) @ Jic)

=|Yprc) ® |ha) -

Initially, the BEC-graviton state is considered to be separable in nature, and we shall inves-
tigate whether after a finite time interval, the states remain separable. The state |1g,) must
be normalized, which gives the following standard normalization conditions

(7.51)

(kp,|kp,) = (0p,|05,) = 1 and (hglhg) =1 . (7.52)

We can obtain the density matrix of the system at time ¢ = ¢; (where ¢; can be set to zero)
as

ps, = |s,) (Vs (7.53)

The reduced density matrix corresponding to the BEC part can be obtained by tracing over
all quantum gravitational field degrees of freedom as

ﬁ%EC(O) = trfj/" [p\sz] = ﬁgll + p\glg + p/\ggl + [3%22 (754)

and the components of the reduced density matrix are given by

38 = 5 (Ko © 105,)) ((Forl @ (0, (7.55)
38 = 5 (1F5.) ©108,)) ((05,] ® (Fs,)) (7.56)
o8 = 5 (105) ®1F5)) ((Fonl © {05,]) (7.57)
pE = %(\031 ) ® [Eg,) ) ( 0p,| @ k:32|> . (7.58)

It is still possible to express the reduced density matrix of the system pZz(0) as pprc(0) =
|YBEC) (UBEC|, Where the state |¢pgc) is given in eq.(7.50). The system can be thought
of as a Bose-Einstein condensate with a weak-coupling constant kept inside of a harmonic
trap potential, where the two different paths are generated by two atom laser beams which
remains coherent throughout the experiment. The entanglement between the atom laser
beams are executed at source after their production from the trapped condensate. If the
coupling between the BEC and graviton states is created, then the graviton state starts to
change, and after a finite time ¢, the state of the BEC-graviton system reads

1 - , 1 , .
W}S > = _‘k317032> ® ’hG; kB1> + _’0317 k32> ® |hG; k32> (759)
V2 V2
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where |A1, Ay) = |A1) ® |Ag), and |hg; EBf> denotes that the graviton state is modified by
the f™ atomic beam. The coupling between the graviton and the BEC is evident from
the structure of the interaction Hamiltonian in eq.(7.10). We can now look at the reduced
density matrix of the system by writing down the final density matrix of the system as ps, =
[Ys;)(¥s,|, and taking trace over all gravitational field degrees of freedom. The resulting
reduced density matrix takes the form

pic(ts) = Py + Pl + €I PE, e B BT (7.60)

In the above equation, Ap(ts) denotes the influence functional as it captures the effect of
the gravitons on the BEC system, and its analytical form is given by

The influence functional consists of a real part and an imaginary part and the imaginary
part leads to the decoherence effect. This imaginary part is also called the decoherence
function. Between the two coherent atomic laser beams, the decoherence function introduces
entanglement loss. To obtain the decoherence function, we start with the definition of the

operator %' (t 7,0) from eq.(7.44), and investigate its action upon the reduced density matrix
at time ¢ = 0 corresponding to the BEC part as

W(tf» 0)pBEC

_exp{ Vi / s / a { 0>,mm<t’70>}>gﬁij(”élcm(t,)} i) (162)
ti t;

where we have made use of the fact that the two-point noise-noise correlator is a contribu-
tion coming due to the graviton interaction, and as a result it is small. The action of the
KU () KIm (') operator on the reduced density matrix pggq(0) reads

KIOK (1) e (0)

= (Kb, b, [, (1% = ki, o g, (D) (Wb, K g, (0 = R ki g, () [, + o8,
(7.63)

where it is evident that the action of the K% (t)K!™(¢') operator makes the diagonal com-
ponents of the reduced density matrix to disappear. Using the above relation it is then
possible to write down the expression in eq.(7.62) (after recombining back all the higher
order contributions) as

T (11, 0)icl0) = 4+ iy + ¢ T, + e T, (7.64)
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where I'(t;) has the analytical form

2 4 ty t R R L.
(e = 252 [t [ (500,00, 0 (0005 [kl (O] A [k lug, ()]
(7.65)

with the definition of A [kinJBWEB (t)ﬂ being given as

A ik g, (O] = kg, o, [0, ()1 — K, o, 0, ()1 (7.66)

If the symmetry property of the anti-commutator is implemented, then it is possible to rewrite
eq.(7.65) as

2 4 ty ty . N L.
Dley) = 52 / o / 4t/ {0035(1,0), (V' 0) Dy A | iy labg, (D] A Rl ()]
(7.67)

and the analytical form of ¢ (t) reads ¢ (t) = aPem®mt 4 gBent for j € {1,2}. The
J J

analytical forms of the Bogoliubov coefficients are given in eq.(s)(6.162,6.163), where the
quantum gravity corrections have been dropped. The reason behind dropping the graviton
noise fluctuations lies in the fact that the decoherence factor is already second order in the
noise term, and as a result the graviton noise contributions from the Bogoliubov coefficients
will result in higher order noise contributions, which is very small and can be neglected in
principle. Now, we already have obtained the form of the noise-noise commutator in eq.(7.48)
and substituting this form of the commutator in the exponential term with the noise-noise

commutator, which is acting on the % (t, ;) pprc(t;) factor in eq.(7.43), we obtain for ¢; = 0

- 2 A ty t “.. ~
exp (% / dt / dt'gﬂma,t’)@?(tmmw) W (4, 0)pihec(0)

=pg., + P, + e—F(tf)Jri/\(tf)p%12 + e_r(tf)—i/\(tf)ﬁgm _

(7.68)

The analytical form of ‘%(t 1,0)p%5c(0) is obtained earlier in eq.(7.64), and the form of the
A(ty) factor reads

At _ VB¢ tfdt tdt’ am (A | KK 2| AT KL |2 (7.69)
1) =73 i i Gigtm (8, 0) A | k|, (1)] BKE g, 1(1)] :
with AT [k%kgWEB |(t')|2] being defined as

A KGR 105, |(¢)] = ko K g, (O + Kb ki [0z, (O (7.70)

Defining A(ty) = A(ty) + iI'(¢y), it is possible to recast the final expression from eq.(7.68),
as
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Figure 7.1: The state and the evolution of the two coherent BEC sources has been depicted,
where just after the formation of the BEC at ¢t = 0, the state goes into a superposition state
in the time-interval ¢ € [t;,t¢].

which has a structure identical to the reduced density matrix in eq.(7.60). Eq.(7.71) is very
important in our analysis. We see that after a finite time interval t; —¢; = t; (¢, = 0), the
final density matrix of the BEC pZ,(t;) has contributions from the graviton noise term,
where the off-diagonal terms of the density matrix gets modified by the exponential factor.
The phase part of the exponential term is completely dependent on the graviton noise-noise
commutator whereas the exponential term is dependent on the two-point graviton noise-noise
correlator (expectation of the anti-commutator). As a result, even after a very small time, it
is impossible to express the density matrix as an outer product of two quantum states. This
phenomena is a result of the interaction of the gravitons with the Bose-Einstein condensate.
This BEC-graviton entangled system is termed as a“Bose-FEinstein supercondensate” in our
work. We shall now explore whether it is possible to detect quantum gravity signatures after
a Bose-Einstein supercondensate is formed. We can safely ignore the action of the Liouville
superoperator corresponding to the base Hamiltonian on the density matrix in eq.(7.71)
and proceed with the reduced density matrix ﬁ‘gZEC(t 7). The primary reason behind such a
consideration lies in the fact that the entire effect of the graviton interaction is captured
in eq.(7.71). From Fig.(7.1), we see a schematic diagram of two single-mode phonon states
which are separated by some frequency difference in the Fourier space in a way such that
kp,| # |kp,| (in the diagram ks = kp), they remain in a superposition state in the time-
interval ¢; <t <ty . Here, we have primarily focused onto entangled state.
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7.3.1 Decoherence rate corresponding to squeezed graviton states

This decoherence analysis is valid for both superposition and entangled states. Here, we are
considering entangled states as they result in more distinctive features. From eq.(7.67), one
can easily find out that I'(t;) gives the decoherence rate, and to obtain the decoherence rate,
we at first need to calculate the two point noise-noise correlator ({6.4;(t,0), 6N (t',0)}) s
corresponding to squeezed graviton states. The analytical form of the two-point correlator
in the presence of graviton squeezed states has already been obtained in eq.(6.209), where
to analytically obtaln the same, we have made use of the summation condition given by

Zq e‘?*(l_{)e?m(k:) (g’ g’R g’R 9’ ,@R@lm) from eq.(6.130) with the projection ten-

ij
sor QJR being given by 9’ =05 — kQ , and finally the angular integrals have been executed,
given by [ dQ = 4, fkolk] 4264, and fkolMlkm = (645" + §lgim + §mbil) . The
analytical form of the two-point correlator reads

. . 2k¢ u -
({045(t,0), 0 (t',0)}) & =5 =< (5zk5]l + 00k — 5ij5kl)/0 dkk* Qs (t, ', k)
22 . ~o
- 2 (@l(s]m + il — cz-jalm) <{6/V(t,0),5,/1/(t ,0)}>g
(7.72)
where the analytical form of <{(5/l7(t, 0), 84 (¢, O)}>g is obtained as
({00 (£,0), 0.0 (¢,0)})
7
B —1 4+ cos(C(t — ') + Qu(t — ') sin(Qu(t — t'))
= cosh 2ry, { t— 1) (7.73)
| sinh2r, |:COS o +cos(Qu(t+t') — (bk(i i 2;\/2[@ + ") sin(Qu(t +t') — gok)]

From Fig.(7.1), it is evident that in the time interval t; — ¢;, the two states in the Fourier
space gets slightly displaced, which is equivalent to a frequency shift. Similar case will occur
when we are considering entangled states. For the BEC-graviton interaction case, it can
be assumed that the overall frequency shift in the frequencies of the two coherent states
(initially maximally entangled with each other) is proportional to the frequency of the in-
coming gravitational wave up to some constant number. For this scenario, as has already
been discussed in Chapter(6), the resonance condition gets satisfied when the frequency of
the BEC is half of the frequency of the incoming gravitational wave (wp = %) The differ-
ence in frequency is kept such that it is less than resonance frequency of the BEC, that is
Awp = |wp, — wp,| < L. As discussed in Chapter(6), kg = “2 with cg being the speed of
sound. We assume sunple analytical forms of the modulus of the wave vectors kg, and kp,
as kp, = “;—g — %; and kp, = ‘Z—g + 4%—‘;. It is important to consider that we have consid-
ered maximum separation for the two paths in the Fourier space by considering maximum
separation in the frequencies. With the form of the noise-noise correlator, we also need the
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analytical form of A [/{:Ekéw% (t)|2] to obtain the analytical form of I'(¢;) from eq.(7.67).

The time-dependent part corresponding to the Goldstone bosons can now be expressed as (for
reference see Chapter(6)), vy (t) = aPe” s+ s where the operator valued Bogoliubov

coefficients ({2, 38}) can be expressed as a combination of the standard Bogoliubov coeffi-
cient in the semiclassical analogy, and a noise fluctuation term induced by the gravitons. The
important aspect to notice from the analytical form of the decoherence factor in eq.(7.67)
is that the decoherence factor is already second order in the noise fluctuation term, and as
a result it is possible to neglect any noise contributions in the operator-valued Bogoliubov
coefficients. Here, we consider the classical gravitational wave fluctuation to have an ana-

lytical form hq(t,0) = e+ sin(Qpt) for which the operator valued Bogoliubov coefficients
have the forms a® = o 4+ 6(6.4) and (P = BB + O(0N) with o = 1 and 5% = O(e)
T [113], where & denotes the amplitude of the gravitational wave. It is then simply possible to
replace the operator valued Bogoliubov coefficients by the standard Bogoliubov coefficients

corresponding to the classical gravitational wave, and express the A [k%kéh/z% (t)|2] term as

A [k, (D]

i j
“B,“B 2 2 WB,WB 2 2
= ég - (0/13 + B77 + 207 87 COS<2WB1t)> — % <oz£3 + B8 + 20858 cos(2w32t)> )
(7.74)

The easiest way to proceed with the above analytical form is by setting one of the Bogoliubov
coefficients to zero. Now, as ['(t;) ~ O(64?) and 85 ~ O(e) (with e being a very small
quantity), we can as a whole ignore the @(55/1? %) kind of contributions and set it to zero
neglecting the overall contribution from the negative energy modes to be zero. This indeed
is a quite logical step, which leaves us with a” = 1 and 3% ~ 0. The important observation
is that with such a consideration, the difference term in eq.(7.74) becomes time independent.
For a more generalized and intricate analysis, one can keep both of the coefficients and to
simplify it enough consider a? ~ B3P where i € {1,2}. One can also consider af ~ af = ap.
It is easier to start with case where the Bogoliubov coefficients 3 for i € {1, 2} vanishes for
which the decoherence rate from eq.(7.67) takes the form

2,202 ty t N ~
r(t) = 87%390/0 dt/o At {({54(4,0),6.4°(¢,0)}) . (7.75)

In order to arrive at the above result, we have taken the angle between the two wave vectors
k:B1 and k:B2 to be zero. The two analytical expression for the two-point correlator is given in
eq.(7.73) for squeezed graviton states. It is claimed that squeezed graviton states are present
in primordial gravitational waves which were generated during the time of inflation [55, 56].
In general, the frequency of a primordial gravitational wave lies in the 10~% — 10 Hz range.
For convenience, we choose the incoming gravitational wave frequency to be 0y = 1 Hz.

"The analytical form of 3P from eq.(6.163) reads 2 = % (e—§(90—2w3)2 - e‘§(90+2“3)2).

173



0.98

0.96

0.94

0.92

0.90

5.x 107 1.x10°6 15%10°6 3.x106 L€

Figure 7.2: The decoherence term exp(—I'(t)) is plotted against time ¢ for different values
of the graviton squeezing. We observe that for higher values of ry, the loss of coherence is
faster compared to the case where the squeezing parameter has a lower value.

As a result the resonance frequency of the BEC shall lie at wg = % = 0.5 Hz. It is
also quite important to properly choose the value of the coupling constant Ag which can
vary depending on whether the BEC is strongly or weakly coupled. For a Bose-Einstein
condensate with weakly interacting bosons [168], the value of the coupling constant can be
taken to be Ag ~ 1077 which is very small. The next step is to estimate the constant g

. We consider

Age \ 12 h
that the condensate is quantized inside of a box of length 1072 m, where the mass of a single
bosonic atom is mp ~ 10725 kg, it is then possible to estimate the value of the constant
B to be v ~ 10** — 10% sec. The numerical value of the pre-factor in eq.(7.75) for the

in eq.(7.75), which has the analytical form ~p ~ L <ﬁ> where o ~ 78

2,.,2 02
above choices of the constant values reads % ~ 10%® — 10°° sec™? where the frequency
of the incoming gravitational wave is taken to be €y = 1 Hz, and the frequency of the
BEC system to be wg = 0.5 Hz. The next thing to investigate the order of magnitude of

the two-point correlator in eq.(7.75) can simply be estimated by <{5/!7(t, 0), 64 (', O)}> ~
F
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M p(t,t') ~ 1079 £(¢,t') (for t), = 24) provided that the graviton squeezing parameter is
high enough. In the above expression, the time dependence is bore by the £(t,#')® term which
has the dimension [£(¢,t')] = T~2. We are now in a position to obtain an analytically obtained
numerical value of the decoherence rate I'(t¢). Considering the cut-off frequency of primordial
gravitational waves to be Qy ~ 10% Hz and the squeezing parameter value to be t;, = 24, we
can estimate the value of the decoherence factor T'(t;) to be of the order of T'(¢;) ~ 1071
while the value of ¢; is set to t; = 2 us. The decoherence term in the off-diagonal elements
of the density matrix can then be estimated to be e T(7) ~ 1 —T'(t;) =1 — 1076, where the
decoherence due to quantum gravity effect can be found to be very small. However, when no
graviton squeezing is present, the decoherence term can be estimated to be (for the above
choices of the constants) 1 — 10737, which is considerably smaller compared to the case where
the gravitons are squeezed. The author in [131], considered a nonrelativistic Bose-Einstein
condensate to detect classical gravitational waves where the approximate estimation of the
amplitude was found to be 1 — Ne, with N denoting the number of atoms in the BEC and
¢ having the value ¢ ~ 107%! (where the condensate was taken to be in a coherent state).
In the discussion of [131], it is quite clearly argued that by increasing the number of atoms
in the condensate, it is not possible to overcome this gap of magnitude equivalent to twenty
orders compared to the leading term. In [113,132] a relativistic BEC was considering and
was considered as a detector of classical gravitational wave where phonon squeezing as well as
parametric resonance was implemented to increase the sensitivity of the condensate towards
incoming gravitational waves. The interesting aspect of our analysis lies in the fact that we
have two parameters that can contribute towards the enhancement of the graviton induced
decoherence, one being the graviton squeezing whereas the other being the phonon squeezing.
For phonon squeezing of the order of rg ~ 8.5 — 9.0, the decoherence term can be estimated
by the numerical value e ") ~ 1 — 107" to 1 — 102 which significantly compensates the
gap with respect to the leading order contribution when ¢ is 1 — 2 us. We shall investigate
the effect of the phonon squeezing on the decoherence in details in the next subsection. The
substantial gap observed in case of [131] is hugely compensated by this phonon squeezing.
One can also achieve the same result when the graviton squeezing is very high such that
r, ~ 41 —42. For gravitons with very small squeezing along with minimal phonon squeezing,
decoherence effect will be negligible. To observe the dependence of the decoherence term on
the graviton squeezing parameter, we plot exp(—I'(¢;)) against the final measurement time
in Fig.(7.2). From Fig.(7.2), we observe that with higher value of the graviton squeezing
parameter, the exponential decay becomes more significant in this entangled BEC system. It
is also important to notice that the decay pattern is wave-like where the decay slows down
for a moment and then again it goes faster. The time interval of the slowing down of the
decoherence remains same, however, the amount of decay after this slowing down becomes
significantly smaller with the passing of time. This effect can be a direct consequence of
graviton-noise fluctuations. From Fig.(7.2), we observe that for ry, = 42, there is a 10%
loss of coherence in the time interval ¢y —¢; >~ 2 us. For r;, = 41, however, a 10% loss of

8The analytical form of £(t,t') can be obtained from eq.(7.73) by considering high squeezing of the

gravitons as /(t, t/) ~ 71+COS(QM(tft'));(rtle\f/()gft') sin(Qu (t—t')) + cos kaﬁFCOS(QM(t+tl)7¢§()t<:_ft2/1\)j2(t+t/) sin(Qum (t+t')— k) ]
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Figure 7.3: We plot the decoherence term against the time ¢t when the difference term in
eq.(7.74) has time dependence and both the Bogoliubov coefficients are non-vanishing.

coherence occurs for a time interval as large as 4 x 107 sec. This observation is indicative
of the fact that graviton induced decoherence is very difficult to observe when the graviton
states do not carry high squeezing. We now consider the case when the difference term in
eq.(7.74) is time dependent with a? = 88 = \/LE for all ¢ = {1,2}. We plot the decoherence
term against the measurement time in Fig.(7.3). For analytical simplicity, we use a Taylor
series expansion of the square of the cosine term obtained after simplifying the expression in
eq.(7.74). We observe that the fall of coherence is almost same and if noticed very carefully,
then this scenario has a slightly slower decay rate than the time independent case considered
in Fig.(7.2). It is although important to notice that both analyses indicate towards identical
conclusions.

Up to now, we have been considering the case where the atoms of the Bose-Einstein conden-
sate are weakly coupled. We now shift our focus towards the case where the condensate atoms
are strongly coupled. It is important to remember that it is possible to construct a BEC in
a strongly interacting Bose gas but for such a scenario segregating graviton-induced deco-
herence would be way more difficult as our investigation shall reveal below. For a strongly
coupled BEC system, the coupling constant can be estimated by the analytical form [113]

4.2 .3
MmpCsc

\p ~ —B°8 7.76

N pph? ( )

where pg = Ty is the energy density of the condensate with the energy momentum tensor

being calculated using the expression 7, = \/%—953%. The action S corresponds to the
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Figure 7.4: We plot the decoherence rate I'(t) against the measurement time ¢ for a strongly
coupled BEC with A\g = 10 and compare the case with varying graviton-squeezing parameter.

total action for the relativistic BEC and the classical gravitational wave. For a quantum
gravitational set-up the change in the energy momentum tensor can be neglected which
keeps the coupling constant intact. From the analysis in [113], pp can be estimated and the
value for the coupling constant Ag comes out approximately to be \g ~ 10*. A standard
calculation reveals that for such high value of the coupling constant, there is only a 2 x 1075%
loss of coherence in a time interval of At = t; —¢; ~ 10* sec when the graviton squeezing
is as high as r, = 76. This ‘back of the envelop’ calculation reveals that detecting graviton
signatures using a very strongly coupled BEC is next to impossible and one should consider
using weakly coupled BEC systems. We instead consider a strong;y coupled BEC system
where the coupling constant is Az = 10 which is way higher than the coupling constant for
the weak coupling case considered earlier. We plot the decoherence rate against measurement
time in Fig.(7.4) for different values of the graviton squeezing parameter. We find out that
the decoherence rate increases significantly for very high graviton squeezing with the value
of ry ~ 60 — 61 or higher. We find out using analytical calculations that for r; = 60.8, the
decoherence time is t ~ 29.275 sec’. For a slightly higher graviton squeezing, that is r;, = 60.9,
the decoherence time becomes ¢t ~ 0.585 sec, and for r;, = 61 the decoherence time becomes
t ~ 0.024 sec. In Fig.(7.4), the plot of the decoherence rate is depicted up to t = 2 us as it
properly showcases the wavy behaviour as was also visible in the nature of the decoherence

9The decoherence time indicates the time t4 such that the amplitude becomes % of its initial value or
I'(t4) becomes unity.
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term for the weak coupling case. It is evident that a BEC with a very low coupling constant
is more sensitive towards incoming graviton signatures and loses coherence at a faster rate
even with significantly lower graviton squeezing. The reason behind this behaviour lies in the
fact that the strong coupling makes the atoms in the condensate comparatively less prone
towards external perturbations whereas for a weak coupling case the atoms are more prone
towards graviton induced bremsstrahlung in the BEC. In the next subsection, we investigate
the phonon squeezing effect on the graviton induced bremsstrahlung.

7.3.2 Phonon squeezing as a tool to reduce the decoherence time

Up to now, we have considered graviton induced bremsstrahlung from the Bose-Einstein
supercondensate when there is no inherent squeezing of the phonon modes of the BEC. In
this subsection, we shall investigate the case where the phonon modes of the condensate carry
a inherent squeezing. The benefit of dealing with phonon squeezing is that it is a parameter
that can be controlled experimentally whereas the graviton squeezing depends completely
on the source from which it has been generated. In order to incorporate squeezing in the
model, we start focussing on the transverse wave number operators kp. If the BEC system is
quantized within a box of volume Vg = L%, then the transverse wave number kg is related to
np (number of phonons) by the relation kg = T—: This box of volume Vg can be considered
to be equal to the size of the harmonic trap inside of which the Bose-Einstein condensate
is created. In the quantum description then one can write the relation kp = T—BB where
one can easily identify ng as the number operator. In terms of the phonon creation and
annihilation operators (ap and dTB) one can express the number operator as ng = d%dg.
Our primary aim is to obtain the analytical form of the eigenvalue kg corresponding to the

state |kp) when the phonon modes are squeezed. The squeezing is generated analytically by
the action of a squeezing operator of the form S(rsq) = exp [% (rgq.&% — rsq.dg)]. In the

above expression rg, can be expressed as rg, = rpe’“® where rp gives the phonon squeezing
parameter and (g gives the phonon squeezing angle. The squeezing operator satisfies the
condition S (rsq_)S’T(qu,) — 1. The transformation of the phonon-creation and annihilation
operators under the action of the squeezing operators read

ST(rsq,)&BS(rsq,) = apgcosh(rg) — B sinh(rB)dg

St(req )il S(rsq.) = @l cosh(rp) — e 7B sinh(rp)ap .

(7.77)

We shall now investigate the action of kp on the squeezed state [k3*) = S(rsq)|k5)™0 which
is given by
milap 79(rsq )5 (rsq.)alS(rsq, ) ST (rsq )@

S(rsq)|ks) = 2 S(rsq.) | kE)

kp|k3hy =

= 0 (510, )i S0)) (510050 5S50)) )

Lp
(7.78)

10Where for convenience, we denote |kz) by |kg).
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Figure 7.5: The time dependence of the decoherence term e~T5% = g cosh®(2rp)(ty) jg plotted
for different values of the graviton and phonon squeezing parameters with v, € {19.8,20.0}
and rp € {11.0,11.2}.

where in the first line of the above equation, we have made use of the relation involving the
squeezing operators, S(rsq)ST(rsq.) = 1. Using the transformation equation of the ladder
operators in eq.(7.77), we can recast eq.(7.78) as

~

WS(TSq.)
L

B

sinh 2rpg

l%B\k%q) = {ﬁB cosh?rg + [fig + 1] sinh®rp — eiCB&Jg + e_iCB&QBH \kg) .

(7.79)

In a Bose-Einstein condensate, the accumulation of bosons in the ground state of the system
occurs in large numbers and as a result ng > 1 even for a weakly coupled BEC system. It is
therefore possible to write down the action of the lowering operator on the BEC state |kp) =

TZ‘—§> as aglks) = \/np ﬂn%];l)> ~ ./ng 72"—;> = /np |kg). One can similarly obtain the
action of the raising operator on the BEC state as al|kp) = v/ng + 1 ”("LLBH)> ~ /nglkp).
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It is then possible to recast eq.(7.79) after a little bit of simplification as

7S (Tsq.)

];'B|/€%q> ~ Ts

np [cosh(2rp) — sinh(2rg) cos (g| |kp). (7.80)

One can now set the phonon squeezing angle to (g = 5. Phonon squeezing at specific angle is
experimentally achievable and has been done in experimental set-ups [151,152]. For (g = 7,
one can recast eq.(7.80) as

mweosh(2rg)ng 4

kplk) = S(rsq)|k
BlkE") . (rsq.)|kB) (7.81)
— cosh(2rp)kp| k3
where in the last line of the above equation, we have substituted kp = ’TL"—; Again, the
phonon mode frequency is related to the transverse wave number by the dispersion relation

as wg = cskp, and under the effect of squeezing, the frequency also transforms as Wi =

cosh(2rg)wp. Hence, under the effect of phonon squeezing, the decoherence rate takes the
form

872 cosh?(2rp)w3 02

TSe(1;) = 5 /Otf dt /Ot dt’ <{5/1?(t,0),6./17(t’,0)}>
= cosh?(2rp)L ()

F (7.82)

where I'(ty) is given in eq.(7.75). In recent experimental scenarios, a phonon squeezing of
rg = 0.83 has already been achieved which is equal to 7.2 dB of phonon squeezing [169]. Using
the semiclassical case with classical gravitational wave-BEC model, an upperbound of rg ~ 27
was given in [113]. The important aspect of our analysis lies in the fact that the graviton
detection is directly related to the decoherence time. The faster the coherence loss, the easier
it is to detect graviton signatures. As has been discussed earlier, for introducing a substantial
amount of decay in the decoherence term, one needs graviton squeezing equal to vy = 41 or
higher. Our primary aim here is to use the phonon squeezing parameter and tune the BEC
part in a way that the need for such high graviton squeezing boils down to more plausible
squeezing regime. From the expression of the decoherence rate in eq.(7.82), we can easily
argue that the decoherence term now goes as e Tt — = cosh*@ra)l(tr) - We now plot this
modified decoherence term against the total observation term in Fig.(7.5) for different values
of the graviton and phonon squeezing parameters. For gravitons, we choose the squeezing
parameter to take values r;, € {19.8,20.0}, and for phonons, the squeezing parameter is
considered to take values rg € {11.0,11.2}. We find out from Fig.(7.5) that if the phonon
squeezing is rg = 11.0, then for graviton squeezing as low as 1, = 20.0, there is approximately
a 10% loss of coherence over a time interval of 2 us, which is equivalent to the case when
there was no phonon squeezing and the graviton squeezing was more than double (r; = 42.0).
We further observe from Fig.(7.5) that for an increase in the phonon squeezing parameter
Arg = 0.2, the decoherence over the time interval At ~ 2 us goes as high as 15% for graviton
squeezing t;, = 19.8 whereas for r;, = 20.0 the decoherence becomes as high as 20%. This
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behaviour of the decoherence induced by gravitons indicate that via properly tampering the
phonon squeezing, it is possible to detect graviton signatures with lower graviton squeezing.
The phonon squeezing rp = 11.0 is equal to sp = —10log,o(—2rg) = 95.54 dB and a
squeezing of the order of 100 dB is extremely difficult to achieve experimentally but may be
achievable in a matter decades time. In the next subsection, we shall investigate entanglement
degradation due to graviton induced bremsstrahlung.

7.3.3 Entanglement degradation as a quantum gravity signature

We shall now investigate the entanglement negativity to investigate the entanglement in
the Bose-Einstein “supercondensate”. Initially, the total density matrix of the system is
represented by ps, at time ¢ = ¢; in eq.(7.59), where the BEC part of the density matrix
represents a maximally entangled state. After a finite time, the density matrix is constructed
via the state |¢s;) in eq.(7.59) and taking a partial trace, we arrive at the reduced density
matrix pgna(tr) in eq.(7.60). Taking the transpose of the matrix pgy(t7) from eq.(7.60), we
obtain

0 0 0 el
N S (7.:83)
e~ 1Ar(ty) 0 0 0
We can now obtain the eigenvalues corresponding to the matrix above as
Y LY BV (7.84)
oty 2 ’ * 2 ' '

Here, our aim is to investigate the time dependence of the logarithmic entanglement negativity
which is defined by the following relation [170]

N = log, [|pE]] =1logy |1+ > (]A%] =A%) (7.85)

AS

with A% denoting the negative eigenvalue (or eigenvalues) for the partially transposed and
reduced density matrix p°. As we have seen from eq.(7.84), the only negative eigenvalue is
AP, and as a result this eigenvalue will contribute towards the calculation of the entangle-
ment negativity. Hence, one can calculate the entanglement negativity corresponding to the
reduced density matrix in eq.(7.60) as

=I(ty) —T(ty)
Nt = oy |1+ (g = (<) ) = lom e s

In order to plot the negativity with respect to measurement time, we use the analytical form
of the decoherence rate from eq.(7.75), and plot N(¢) against ¢ in Fig.(7.6) for different values
of the graviton squeezing parameter. From Fig.(7.6), we observe that the entanglement
negativity decays with increase in the measurement time and the rate of decay becomes
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Figure 7.6: The logarithmic negativity is plotted against total measurement time for differ-
ent values of the graviton squeezing parameter. We observe a jiggly decay pattern of the
entanglement negativity over time.

higher with increase in the graviton squeezing parameter. This investigation confirms that
the loss of entanglement from the Bose-Einstein supercondensate occurs via the emission of
bremsstrahlung induced by the graviton noise. As for the case of the decay of the decoherence
term, we also observe that the entanglement degradation slows down after a certain time
interval and then again becomes steep. The entanglement loss is an indication of the fact
that the supercondensate has formed. We shall now proceed to propose an experimental
set-up that will help to detect graviton signatures in near future.

7.4 A new graviton detector

The first experimental creation of a Bose-Einstein condensate was first achieved in 1995
[129,130]. The fundamental property of the state of a Bose-Einstein condensate is that it
is coherent in nature. Now, if it is possible to outcouple few coherent condensate atoms
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from the respective harmonic trap potential (in which the condensate is formed), then the
coherent atoms fall under the effect of gravity. Researchers at the Massachusetts Institute of
Technology were the first to create such coherent freely falling atom beams, which are also
termed as atom lasers, from trapped condensate of sodium atoms [171]. One of the very
distinctive features of atom lasers are that they interfere like electromagnetic waves, and
create an interference pattern when two coherent atom laser beams interfere with each other
but this entire phenomena occurs in the Fourier space. This simply implies a very interesting
thing about the atomic interference pattern which is indeed a distribution of the number
of particles instead of the distribution of energy. One observes a no-particle zone, which
is indicative of a destructive interference, and then a high particle density zone indicating
a constructive interference. This gives the interference fringe pattern corresponding to the
atom interference. The atom lasers create a set of atomic waves which propagates under
the effect of gravity while remaining coherent with each other, which is one of the primary
reasons for working with atom lasers in our analysis. It is now required to create atleast two
coherent atom laser beams for the creation of atomic interference pattern, where advanced
atom interferometry techniques needs to be used [172,173]. If any kind of external interaction
creates decoherence in the joint atom laser beams, then it should be theoretically possible to
measure this decoherence by investigating the atom interference pattern. For implementing
our model, we at first need two sources of the BEC that are maximally entangled as also
has been expressed in eq.(7.50). To proceed with the experimental modelling, one needs
an experimental set-up that can create two or multiple coherent beams of atom laser from
a single Bose-Einstein condensate. In an all-optical Bose-Einstein condensate, oppositely
polarized components were outcoupled to produce two beams of coherent atom lasers [174].
In [175], a novel techniques was experimentally implemented, where a single far-detuned
laser was used to produce multiple coherent atomic beams. Making use of an optical Raman
transition, the Bose-Einstein condensate is outcoupled from a harmonic trap potential, where
the outcoupling is done using two optical beams driving two-photon Raman-transition [176,
177]. This Raman-transition transfers the atoms to the untrapped state from the initial
magnetically trapped state which results in the generation of continuous atom laser beam.
Through the interaction of the outcoupled atoms with the individual atom laser beams, the
splitting is initiated. This atom laser splitting can be directly related to the Bragg diffraction,
where multiple coherent atom laser beams are created with slightly different momentum
than each other from a single, continuously generated, atom laser beam which later helps in
atom interference scenarios. In [175], five such coherent atom laser beams were generated,
where each beam has very small difference in momentum which indeed is required for the
implementation of our experimental proposal. In our work, while calculating the decoherence
rate, the base frequency is taken to be the same. Later, alterations are made by % which
can be adjusted properly in an experimental set-up. With this splitting, the next step is to
create a maximally entangled coherent state to replicate the initial state of the Bose-Einstein
condensate in eq.(7.50). Very recently, in [178], a matter wave interferometry has been
done between two entangled matter waves inside of a high-fineness cavity. In two spatially
separated traps, entanglement between two atoms can be achieved by the use of relative
atom number squeezing [179-181]. Similarly, such entanglement is experimentally generated
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by the use of Coulomb interactions [182,183] or direct collisional interactions [179-181, 184~
187]. Entanglement between two momentum eigenstates has been achieved where internal
entanglement was mapped onto the relative atom number [188]. In [178], external momentum
eigenstates of different atoms were entangled where a cavity quantum-electrodynamical set-
up was used where between the optical cavity and the atoms, strong collective coupling
was implemented where experimentally 18.5 dB of entanglement was achieved. A Mach-
Zehnder type interferometer (in this process the matter waves (here atom lasers) are passed
through the matter wave interferometer) was used for checking the output data and it was
confirmed whether it is below the standard quantum limit. Using atom interferometers for
classical gravitational wave detection has already been proposed In [189, 190], the use of
atomic sensors have been proposed for the detection of classical gravitational waves where
the underlying principle is the standard matter wave interferometry. We are now in a position
to propose a next generation ultra-cold atom laser based graviton detector which primarily
uses a weakly coupled Bose-Einstein condensate as its source. A schematic diagram of the
condensate based detector is given in Fig.(7.7). The set-up can be though of as a combination
of two Mach-Zehnder type atom interferometers where the entire set-up is placed inside of
a cavity under the effect of the Earth’s gravitational field. We now carefully describe the
experimental segments which shall perform specific tasks to complete the entire graviton
detection scenario.

1. A continuous ultra-cold atom laser generation

The first step with any gravitational wave detector is that they need to be operated
continuously. The primary reason behind this obligation lies in the fact that gravi-
tational waves are generated as a result of astrophysical phenomena which can occur
at any time, and we have no direct control on the time at which the gravitational
fluctuation will arrive on Earth. In case of graviton detection, we have already dis-
cussed that graviton squeezing is required for the detection of significant amount of
decoherence within a relatively reasonable time interval. Such squeezing can be found
in primordial gravitational waves generated during the time of inflation which is a very
rare phenomena. As a result, if one needs to use atom-lasers generated from BEC, one
also need to continuously generate Bose-Einstein condensate. Using strontium atom,
a continuous-wave Bose-Einstein condensate was generated which can be made to last
for an extremely long time as has been demonstrated and reported in [191]. The ex-
periment at its heart has a large reservoir and the reservoir is loaded with Sr atoms.
In the reservoir, there is a small but quite deep dimple where the Bose-Einstein con-
densate is formed. In this experiment, 8Sr atoms from a steady-state and narrow-line
magneto-optical harmonic trap are outcoupled continuously in a way such that they
accumulate in a cross-beamed dipole trap forming this large reservoir. Inside of the
dimple the atoms accumulate largely (increasing the phase space density), and because
of the ongoing laser cooling process, the BEC is formed in a way such that it is in a
steady state. The continuous-wave BEC is maintained by the use of constant gain. This
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Figure 7.7: A schematic diagram is presented for a Bose-Einstein condensate based graviton
detector where a freely falling atom laser set-up is placed inside a cavity under the effect
of Earh’s gravitational field. After the generation of maximal entanglement between two
split coherent atom laser beams from a single source, they are recombined and further split
into four coherent atom laser beams. They are then further recombined to create two atom
interference patterns such that there is a finite time gap between the generation of the two
patterns. The two patterns are then compared to search for graviton induced decoherence in
the Bose-Einstein “supercondensate”.
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constant gain is generated by atom-refilling while maintaining a high phase-space flux
and scattering via Bose stimulation. This process is crucial for our continuous-matter
wave interference device and we propose the use of this process for the generation of
continuous wave Bose-Einstein condensate as can be seen from Fig.(7.7). However, our
proposed model relies on the fact that continuous wave Bose-Einstein condensate is
generated where the bosons are weakly coupled. Another important thing that needs
to be considered is that we have considered the use of a pure Bose-Einstein condensate
while doing the analytical calculations and a pure BEC is formed at the absolute zero
temperature. This is not possible to implement in an experimental laboratory as no
laser cooling technique can cool to absolute zero till now. Now, recent experimental
developments have been able to generate a Bose-Einstein condensate where the cooling
is done to piko-Kelvin order which is still extremely small and if used, will go quite well
with our current theoretical model'!. In order to create continuous atom laser beams
from the continuous-wave Bose-Einstein condensate, an external energy source like a
periodic radio frequency pulse can be used in order to stimulate the BEC. In this way,
from the trap potential, a bunch of ultra-cold atoms get released creating an atom-laser
which propagates by falling freely under the effect of gravity [129,130,171]. This tech-
nique, which helps in creating a continuously generated atom laser beam (denoted by
the wave like red line in Fig.(7.7)) from a BEC, is also known as “output-coupling” [191]
and needs to be implemented in our proposed experimental model. In the next step,
the aim is to create the maximally entangled state of the BEC, |¢prc) in eq.(7.50).

2. Generation of the maximally entangled state |V ppc)

The first step towards the creation of a maximally entangled state is to create two
atom laser beams which represents the states |];;Bl> and |kp,) such that EBl # kp,.
Now momentum is related to the transverse wave number via the relation pg = hkp,
which implies that the two coherent atom laser beams must carry different momentum.
To entangle two atom laser beams, one can implement the methodology implemented
in [188]. In our analysis, however, we primarily propose the use of the methodology
cum technique implemented in [178]. Making use of quantized momentum kicks, the
freely falling atom laser beams are separated into two beams of coherent atom lasers
carrying a slightly different momentum which is also required for the creation of the
maximally entangled state in eq.(7.50). During the implementation of the separation, it
should be kept in mind that the kicks should be such that the separation remains in the
range [; ~ 10 — 20 pm such that the two beams remain coherent with each other before
going through the recombination. A two-photon Raman transition can be implemented
to initiate this splitting and recombination process. To entangle the atoms, atomic
probe lights are used insider of the cavity. In order to generate entanglement, one
needs to implement quantum non-demolition (QND) based techniques of measurement,
[192-194]. The use of entangled atomic ensembles in atom interferometers allows the
surpassing of restrictions due to the standard quantum limit (SQL). We propose the

HFor a more accurate description, one needs to consider Finite temperature field theoretical techniques.
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implementation of the entanglement generation techniques proposed in [192-194], as
has been depicted by the small red line after the recombination (before the first phase
of splitting using Raman beam splitter) of the two wavy orange lines in Fig.(7.7).

. First phase of interference

There are, in total, two phases of interference in our proposed experimental model. To
create an interference, one needs two coherent atom laser beams which can be achieved
by splitting the maximally entangled atom laser beam. For a coherent splitting, one
can make use of Raman beam splitter. We can find a schematic diagram of the Raman
beam splitter in Fig.(7.7). This beam splitter uses an electro optic modulator which
is combined with an external cavity diode laser. Finally, the laser is passed through a
mechanism with a calcite crystal and cylindrical lenses. This entire mechanism helps
to split the atom laser beams, and in our current proposal, it will be able to separate
the maximally entangled atom laser beam into two coherent atom laser beams. The
schematic representation of the Raman beam splitter and some of the details can be
found in [195]. In order to implement a two phase interference, we need a total of
four coherent atom laser beams. It is possible to achieve by splitting each of the two
coherent beams into two more coherent atom laser beams via the use of two additional
Raman beam splitters (as can be seen from Fig.(7.7)). The nearest two atom laser
beams are denoted by curvy dark orange lines whereas the other two distant beams
are denoted by dotted and curvy orange lines. For the creation of first interference,
the two nearest beams must be refocussed. We propose the implementation of a mirror
pulse as has been used in [178] for refocussing the two nearest atom laser beams with a
maximum spatial separation of ; as can be seen from Fig.(7.7). The interference then
occurs at a height z; from the splitting point using the first Raman beam splitter. In
this experimental set-up [; can be similar or equal to 0.5 mm and a good experimental
set-up should restrict /; within 60 pgm. If /; is made higher then in the second phase
of interference the maximum splitting between the furthest two beams [y will be very
large. This [; is also equal to the separation between the initial mirror pulses for the
first phase of interference. A general free fall time of and atom laser is equal to ¢t ~ 20
ms [175]. For 20 ms, if the atom laser beams remain coherent, then they have fallen
almost close to z, = % gt? with g denoting acceleration due to Earth’s gravity. One can
neglect the effects induced due to the Earth’s rotation and other external influences.
Again if quantum gravity effects are being considered, in that case, there should be
graviton induced fluctuation in the total free fall length [57] and the free-fall distance
will be modified by z ~ zq £ 2qa ~ za + y/cosh(2r)lp) ~ zq £ e™lp). If the graviton
squeezing is as high as vy = 42, even then zqg ~ 107! which is negligible with respect
to the classical free fall distance. One can neglect such a length scale in an experimental
scenario as it is smaller than the radius of the nucleus of an atom. The classical value of
the free fall distance for ¢ ~ 20 ms, can be obtained as z &~ 2 mm. A more comfortable
free fall distance would be about z; < 40 —80 um so that the free fall time is equivalent
tot ~ 2 —4 ms. This time gap, although is apparently quite small, is huge when
graviton interactions are being considered. In this time interval the gravitons will
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introduce approximately a 23 — 24% decoherence in the Bose-Einstein supercondensate
for graviton squeezing as high as vy = 42 and rg = 0. For an accurate experimental
outcome, z; should be made so small that the free fall time is in the microsecond order.
The only problem being that in such a case z; ~ 107! — 1072A  and a matter-wave
interference set-up within such a small distance is quite difficult. Before discussing the
second phase of interference, we need to consider a minute details in this first phase of
interference.

(a) Graviton interaction with the atom laser before t;

In the experimental proposal made in Fig.(7.7), we have considered up to now that
the graviton truly starts interacting with the matter waves after the maximally
entangled BEC state is formed. However, as soon as the primordial gravitational
wave reaches Earth, the interaction shall start immediately and the gravitons, be-
ing quanta of the linearized quantum field theory of gravity, is present all around
and will therefore start interacting with the BEC as soon as it is generated in
the harmonic trap in an real experimental scenario. Here our aim is to observe
decoherence due to the emission of bremsstrahlung from the BEC superconden-
sate which is an entangled state generated out of a maximally entangled BEC
state and a graviton state. It is therefore important to remember that any in-
teraction of graviton with the BEC is inconsequential before the formation of
the maximally entangled BEC states using QND techniques. This can be sig-
nificant if the initial BEC graviton induces a decoherence compared to which
the final decoherence becomes negligible. Consider that At amount of time is
required for the atom laser to come to the point of maximal entanglement gener-
ation and then at tg = t; — A, the BEC is prepared. Denoting to =t¢; — At =0
and considering that the gravitons start interacting with the condensate at time
t = 0, the initial state of the system can be written as [¢s(to)) = |kg.) @ |he,0)
where the zero in the graviton state indicates the time of interaction of the gravi-
ton with the condensate. As discussed above, the maximally entangled momen-
tum state is formed after a time interval At, and the state becomes in this case

W) = (|k31,032> @ |h, At k) + |05, k,) @ |ha, At; k32)> with N being
the normalization constant. After a time interval ¢y —¢; and after the formation
of the maximally entangled state, the final state of the system is given by |¢s,) =
\/Lﬁ |:|k:317 OBz> ® |th tf —t; + At; kBl> + |OBl; k32> ® |hc;,tf —t; + At, k‘32>} . Us-
ing the expression in eq.(7.61), one can express the influence functional A (t; +
At) as @A) — (bt ot + At kg, |ha, ty—ti+At, kg, ). For the decoherence
factor I'(tf) in eq.(7.65), it will now become I'(tf + At) and the lower limit of the
integrations in eq.(7.65) will be substituted by —At. For a careful study, At can
be kept and the decoherence rate as well as the decoherence term can be carefully
calculated. However, if At is made so small that it approaches zero, in that case
one can proceed with the theoretical model presented in our work without the
need of the consideration of the small time At. Another way to deal with this
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issue is to shield the initial part of the experiment up to the generation of the max-
imally entangled BEC, such that any fluctuations due to linearized gravity do not
alter the system. Although this can be close to an impossible task experimentally,
there have been some proposals that deal with the implementation of a system
which will be able to shield a system (in our case the initial part of the system up
to the formation of the maximally entangled BEC) from incoming gravitational
fluctuations [196-198]. In [199], a recent proposal is made regarding stimulated
absorption of gravitons. This absorption is achieved via the continuous sensing
of quantum mechanical jumps. This graviton or gravitational wave shielding is a
very complicated procedure which is very difficult to implement experimentally,
and as a result, we propose on the reduction of the initial time At rather than
going for a graviton shielding process. The next part is the second phase of in-
terference between the remaining two atom laser beams (denoted by dotted and
wavy orange lines in Fig.(7.7)).

4. Second phase of interference

In the second phase of interference the primary elements are the two remaining atom
laser beams which were not refocussed to create the first atom interference pattern.
The decoherence tend to increases with time as has been observed in Fig.(7.2), and
as a result, our primary aim is to increase the time interval ¢; — ¢; which indicates
the increasing of the time interval between the first splitting of the atom laser using a
Raman beam splitter and the second phase of interference at time ¢ = ¢;. It is possible
to use three unique ways for the creation of the second phase of interference however
the first technique is the most efficient among the three of the unique methods.

(a) Far detuned optical lattice: Using far detuned optical lattice laser, one can increase
the time interval t; — ¢; in a way such that the final two atom lasers remain co-
herent for a significantly large amount of time. Initially, after the second phase of
splitting, the two distant atom laser beams are passed through a vacuum enclosure
and they are shielded from any external electromagnetic or other noise fluctua-
tions. Using two mirror pulses, separated by a distance [f, the atom laser beams
are given a thrust upwards using momentum kicks so that they follow a short
projectile motion as can also be seen from Fig.(7.7). In order to prevent further
coherence loss, the projectile path can also be shielded by vacuum enclosures. The
atom are then carefully loaded into higher-intensity regions of the standing waves
corresponding to an optical lattice laser. Now, following the technique in [200],
optical lattice lasers are created from the fundamental modes of a vertically ori-
ented Fabry-Perot cavity. The matter waves following the projectile path are then
loaded in the highest intensity regions of the standing waves corresponding to
the optical lattice laser. In order to redirect and recombine the launched matter
wave packets, two 7/2 pulses are used as can be seen from Fig.(7.7). It is easy to
observe that in total eight 7/2 pulses are used to create the final two atom laser
beams, which creates the second interference pattern. It is possible to observe
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matter wave interference even at this level but for additional clarity, we used the
final two recombined wave packets or atom lasers. After the final interference, at
a distance z; below the first interference phenomena, a read out beam splitter is
used to analyze the final interference pattern. The spatial separation between the
centre of the two mirror pulse can be made as large as [ ~ 500 gm to 2 mm [195].
The distance [; is maintained in a way so that the coherence between the two
atom lasers is not lost. It is important to note that /; should not be so large that
the coherence between the two atom laser beams is lost. Inside of the far detuned
optical lattice, the launched matter wave packets can sustain coherence up to 60
to 70 seconds and after this time they are further launched which are then re-
combined using the 7/2 pulses [200]. In order to further enhance the decoherence
effect the distance z; between the first and second phases of interference can be
set in a way such that zy > z;, and without any loss of generality, we propose to
keep z¢ to be as high as 2 mm. If gravitons interact with the atom lasers creating
the Bose-Einstein supercondensate, where the gravitons carry an inherent squeez-
ing of r, = 42, we estimate a 39% loss of coherence. This 39% loss of coherence
in the second phase is equivalent to a 20% loss of coherence compared to the
first phase of coherence. Here, we restrain ourselves from considering decoherence
induced by atomic ensemble dephasing, however, in an experimental implemen-
tation ,all such factors need to be considered carefully. Here, our major focus is
on the gravitational bremsstrahlung induced decoherence from the Bose-Einstein
supercondensate.

Standard free-fall under the effect of gravity: The second way is by standard free
fall of the remaining distant pair of atom laser beams. Using mirror pulses, the
two freely falling atom laser beams are then recombined to create the second
interference pattern at a distance z; below the first interference generation. In
order to increase the decoherence effect the final time of interference t; must be
increased. The only way to increase ¢ here is by increasing 2. This does introduce
some problems. One of the problems being that if the free fall distance is made
unnecessarily large then it is possible that the coherence loss starts to occur as the
matter wave packets cannot sustain coherence for such a large path of travel. In
that case, an upperbound on the z; value is imposed to truly investigate graviton
induced decoherence. Even if z is made reasonable, in that case, t¢ can be so small
that in this smaller ¢; — ¢; time interval substantial amount of graviton induced
decoherence does not occur which may not be tractable just by comparing the two
interference patterns side by side. One of the benefits of this method lies in the
fact that there is less chances of alterations by external factors is present here as
no far-detuned optical lattice is used to increase the interaction time.

Doppler compensation: As a more physically motivated technique one can also
consider a Doppler compensation technique where the second phase of interfer-
ence is kept movable. As a result, z; can be varied (vertical sliding mechanism)
and to properly focus the two atom laser beams, one also need to keep the dis-
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tance between the final two mirror pulses [; to be movable (horizontal sliding
mechanism). Instead of introducing the optical lattice set-up, it is more logical
the proceed with the freely falling model discussed for this Doppler compensa-
tion technique. If graviton induced decoherence is introduced and it is measured,
that by providing a certain blue shift to the entire moving part of the mechanism
(giving an upward thrust), and there is no loss of coherence then it will indeed
confirm that graviton induced decoherence has occurred. Calculating the velocity
required for the sufficient Doppler blue shift, it may be possible to estimate the
graviton induced decoherence via the emission of Bremsstrahlung from the super-
condensate. It will although be very difficult to provide such a small velocity to
mitigate the loss of coherence when the graviton induced decoherence occurs for
a very short period of time. It is therefore more appropriate for a future direction
to this experimental proposal.

5. Comparison of the interference patterns

The final step is to compare the two interference patterns and observe for coherence
loss in the second pattern compared to the first interference pattern. The atom in-
terference pattern gives a distribution for the atoms in the atom lasers. For a very
distinct interference pattern one observe bright and dark zones repeatedly where the
bright zone indicates accumulation of atoms whereas the dark zone indicates a less
or no accumulation of particles. Now, if graviton induced decoherence occurs in the
system, then one will observe a more scattered interference pattern where there will
be a comparatively less number of particles in the previously mentioned bright zones
whereas more accumulation of particles will occur in the dark zones making it a bit
brighter. If the two patterns are compared side by side and a more even distribution
is observed in the second interference pattern compared to the first one, then it will
confirm the detection of gravitons as well as the Bose-Einstein supercondensate in this
proposed future generation gravitational wave detector in Fig.(7.7). Compared to the
results in Chapter(6), this model is much more robust and accurate as a classical gravi-
tational fluctuation is unable to produce similar decoherence effects even if the phonons
are highly squeezed.

One can substantially increase the viability of such an atom interferometer by implementing
momentum squeezing techniques [178] which may be able to amplify further the decoherence
effects induced by gravitons.

Unlike the previous BEC based graviton detector in Chapter(6), the current model does not
strictly require the space based LISA observatory to confirm whether a primordial gravita-
tional wave has arrived or not. However, the confirmation by LISA and as well as our BEC
based graviton detector ensures that the decoherence is not induced by other external sources
and at the same time it confirms the existence of a Bose-Einstein supercondensate.

191



7.5 Discussion and conclusion

In this work, we consider the interaction of gravitons on a maximally entangled two mode
state of a Bose-Einstein condensate, where we primarily consider the case where the bosons
are weakly coupled. Taking the model Lagrangian for the relativistic BEC-gravitational wave
system (derived in Chapter(6)), we write down the action for the model system. From the
model Lagrangian, we then obtain the conjugate momentum variables corresponding to the
‘position’ variables of the BEC as well as the gravity wave part and using them to write
down the Hamiltonian for the system. The model system is then quantized by raising the
phase space variables corresponding to the BEC part as well as the gravitational fluctuation
part to operator status and implementing suitable canonical commutation relations between
the canonically conjugate operators. We take a density matrix approach and make use of
the quantum mechanical “Liouville equation of motion” (or the von-Neuman equation) to
investigate the time evolution of the system density matrix under the effect of the interaction
part of the Hamiltonian operator in the interaction picture. In terms of the initial system
density matrix, the solution of the density matrix at the final time is then obtained. In order
to truly investigate the effect of gravitons on the Bose-Einstein condensate, we trace over all
gravitational field degrees of freedom from the final solution of the system density matrix
which lands us at the reduced density matrix corresponding to the BEC part of the system.
We start with a maximally entangled BEC state and construct the system state at time ¢t = ¢;
by executing an outer product with the graviton state. The system density matrix is then
constructed out of this state of the system. After a finite time evolution, we observe that the
initial density matrix is not separable into a BEC part and a graviton part which is a result
of the noise induced by gravitons. This mixed BEC-graviton states is termed as a Bose-
Einstein ‘supercondensate’ in our work. As a result of the graviton induced bremsstrahlung
from the Bose-Einstein supercondensate, we observe an overall entanglement degradation as
well as a time dependent loss of coherence. We observe that exponential decay signifying the
loss of coherence becomes substantially large if the graviton squeezing parameter keeps on
increasing. For example, a 2% coherence loss is observed from Fig.(7.2) in a time interval of
2 ps when the graviton squeezing parameter has the value v, = 42. We also observe a 10%
loss in the entanglement negativity in a 4 us time interval for a graviton squeezing of the
value vy = 42 which confirms an entanglement loss over time. We have then investigated the
time dependence of the decoherence term in the presence of phonon squeezing. We observe
that for a phonon squeezing of rg = 11.0, an identical 10% coherence loss over a 2us time
interval is observed for the value of the graviton squeezing parameter r;, = 20.0. For a
phonon squeezing of rg = 11.2, an astonishing 20% coherence loss is observed in the same
time interval where the graviton squeezing is kept fixed to the previous value. This is a
very significant result as it provides one with a true experimentally controllable parameter.
Now, even if the graviton squeezing from the primordial gravitational waves are not very
high, one can also aim to detect graviton signatures just by tuning the phonon squeezing
parameter. Making use of the analytical results of our work, we finally implement a BEC
based graviton detector where two Mach-Zehnder type interferometers are considered. For
generating the interference, atom lasers, generated from a continuous-wave Bose-Einstein
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condensates, are used and then four coherent maximally entangled atom laser beams are
generated. These beams are then recombined to create two interference patterns such that
there is substantial time interval between the two interferences. A schematic diagram of
the experimental proposal is depicted in Fig.(7.7). The experiment stands on the principle
that if the time between the two interference patterns is substantially large then due to the
graviton induced noise, a significant loss of coherence will be observed in the final interference
pattern (located at the bottom of the experimental set-up), in comparison to the first one.
The fundamental reason behind such an observation is that the bottom most interference has
higher time to interact with the gravitons leading to more loss of coherence via the emission
of bremsstrahlung compared to the first one. Making use of the methodology in [200], one
can increase the time interval to 60 — 70 seconds by the use of far-detuned optical lattice
laser. The benefit of the experimental model proposed in our set-up is that all the individual
experimental components exists in the most advanced experimental laboratories of the world
and they just need to be carefully combined to create our experimental model. We hope
that if the model is organized and graviton exists, then it will be a matter of a decade for
detecting graviton signatures using our proposed experimental model.
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Chapter 8

Summary and conclusion

In this thesis, we have considered simple model systems where the background metric consists
of small gravitational fluctuations which are quantized. In the first part of the thesis, “The
fundamental minimal length in quantum gravity”, we have primarily made use of the path
integral quantization of the small gravitational fluctuations and probed into several funda-
mental aspects of a linearized quantum gravity theory whereas in the next part “Quantum
gravity phenomenology”, we have made use of the canonical quantization technique for quan-
tizing the small gravitational fluctuations over the background spacetime and investigated
several important and unique phenomenological aspects of linearized quantum gravity model.
In Chapter(3) of part I of the thesis, titled “The minimal length scale correction in linearized
quantum gravity”, we start with the basic model of a two-particle systems where the back-
ground is considered to be flat with small gravitational fluctuations upon it. In any existing
models of quantum gravity, there is an existence of a fundamental minimal length in nature
which is incorporated into a system by modifying the Heisenberg uncertainty principle and
this modified uncertainty relation is also termed as the generalized uncertainty principle. In
order to incorporate the effects of a fundamental minimal length, we implement this gen-
eralized uncertainty principle in the detector degrees of freedom where the arm length of
the detector is represented by the geodesic separation between the two massive particles.
To truly model the arm of an interferometric detector, one needs to consider the massive
particle following a time-like trajectory as the origin, and define a Fermi-Normal coordinate
system where the geodesic separation is defined in this coordinate system. Making use of a
path integral approach the transition probability for the system to go from an initial state
to some final state is calculated where the final graviton state is summed over. FExecuting
the path integral over the detector momentum, and with a substantial amount of analytical
simplification, we arrive at the transition probability for the detector-graviton model system
in the generalized uncertainty principle framework. The influence of the gravitons on the
detector part is captured truly by the Feynman-Vernon influence functional and the aim of
the analysis boils down to the minute evaluation of the Feynman-Vernon influence functional
when all of the graviton mode frequencies are being considered for different initial states of
the gravitons. Using the Feynman-Vernon trick, one can write down the Feynman-Vernon
influence functional in a way such that it involves effects from stochastic terms which are
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defined as graviton induced noise terms [54]. The reason behind calling them the noise terms
lies in the fact that the one-point correlator vanishes whereas the two-point correlator gives a
real number. Extremizing the action with respect to the geodesic separation, we arrive at the
quantum gravity modified geodesic deviation equation in a generalized uncertainty principle
framework. These differential equations are Langevin-like in nature as they include effects
of the quantum gravitational noise fluctuations, and we find out that they include terms
corresponding to the generalized uncertainty principle where the GUP modified elements get
coupled to the quantum gravitational noise-fluctuations. From the equation of motion, we
obtain the perturbative analytical expression for the geodesic separation as well and from
there obtain the standard deviation in the geodesic separation which now depends on time.
We observe that the GUP modified standard deviation first decrease then increases than the
base value of the standard deviation and eventually asymptotes towards the base value of
the standard deviation. This analysis is very important as well as striking, as it indicates
towards a residual increase in the uncertainty of the standard deviation which indicates to-
wards a lingering effect of the graviton noise fluctuation and can be considered as a graviton
induced “memory effect”. In case of the gravitons being in a squeezed state, we find out
that such effects may be detectable in future generation of space base gravitational wave
observatories indicating towards the existence of the generalized uncertainty relation as well
as a “memory”-like effect induced by the noise of gravitons.

In the next chapter of part I, titled “A quantum gravitational uncertainty relation”, we ask
a more fundamental question. We investigate whether the uncertainty principle get modified
while considering quantization of linearized gravity. We use the model proposed in [57],
which considers a particle freely-falling under the effect of the gravitational field of the Earth
where it is interacting with incoming gravitational fluctuations. This entire phenomena is
being observed by an observer sitting on the surface of the Earth. To incorporate quantum
gravitational effects in the model system, the gravitational fluctuations are quantized using
the path integral quantization technique. Extremizing the final transition probability of the
particle-graviton detector system with respect to the distance of the particle from the surface
of Earth, one arrives at the quantum gravity modified Newton’s equation of motion. From the
above equation, one can obtain an analytical expression for the height of the particle from the
surface of the Earth which gets infused by the graviton noise fluctuations. It is now possible to
get the standard deviation of the position as well as the momentum for the particle at the time
of touching the surface of the Earth. The uncertainty product is then investigated at the time
of the particle touching the ground as it maximizes the interaction time between the graviton
and the freely-falling particle. Multiplying the uncertainties in the position as well as the
momentum, we arrive at the quantum gravity modified uncertainty product. In a quantum
gravity set-up, the minimum distance is always grater than or equal to the Planck length. This
inequality helps us to write down a quantum gravitational uncertainty relation by combining
the lower bound from the Heisenberg uncertainty principle with the quantum gravitational
inequality obtained for the uncertainty product. Expressing the uncertainty product in terms
of the variance of the position and implementing the Planckian limits for the mass as well as
the height of the particle, we also have obtained an uncertainty upper bound. We calculate
this uncertainty relation for the graviton initially being in a vacuum, a squeezed vacuum, and
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finally in a thermal state, and obtained the exact same closed form of the uncertainty relation.
This indicates that the uncertainty relation obtained in our analysis is indeed universal. The
quantum gravity correction term in the lower bound is proportional to the variance in the
momentum whereas for the upper bound, it is proportional to the variance in the position.
For the coefficient of the variance of the momentum it depends on the Planck’s constant,
Newton’s gravitational constant, and the speed of light. Hence, the correction obtained here
are true quantum gravitational correction. In the Planck mass limit, we arrive at the proposed
analytical form of the generalized uncertainty principle. This analysis not only gives a close
quantum gravity modified uncertainty relation but also gives a derivation of the generalized
uncertainty principle [44]. This is indeed a very fundamental result revealing that even for a
linearized quantum theory of gravity, the Heisenberg uncertainty principle gets modified.
With the investigations of the intricate fundamental aspects of a linearized quantum theory
of gravity, we put our focus on the phenomenological aspects of a linearized quantum gravity
model in part II of the thesis. In Chapter(5) titles, “Spontaneous emission of gravitons as
a signature of quantum gravity”, we consider the two-particle model system discussed in
Chapter(3) when the entire model system is placed inside of a harmonic trap potential. This
model mimics the structure of a resonant bar detector or an interferometric detector placed
inside a harmonic trap potential. The gravitational fluctuations as well as the detector
phase space variables are now quantized where we make use of a canonical quantization
technique by raising the phase space variables to operator status. The next step towards
quantization is the implementation of suitable canonical commutation relation between the
graviton as well as the detector position operator and their canonically conjugate momentum
operators. We now investigate a simple scenario where the initial tensor product state of the
detector-graviton model system goes to some final state as a result of graviton detector
interaction. We find out that the detector always makes a jump of two states (excitation or
de-excitation) while absorbing or emitting a single graviton which can be easily understood
by inspecting the analytical form of the transition probability. If one considers the incoming
gravitational wave as a combination of a finite number of gravitons, then making use of the
energy flux relation for a gravitational wave, it is possible to observe that the transition
probability in the resonant absorption case in this quantum gravitational set-up is identical
to the resonant absorption case when the gravitational wave is treated classically. However,
the difference occurs in the emission scenario. We observe that even if there are no gravitons
in the initial state, the detector drops to its ground state by spontaneously emitting a single
graviton. This spontaneous emission of gravitons makes the transition probability different
from the semi-classical case where the gravitational fluctuations are treated classically. If it
is possible to create a coherent resonant bar source such that all such spontaneous emissions
occur simultaneously, then one can observe a gravitational “fluorescence”-like effect where
the gravitons emit in all possible directions creating a very faint background gravitational
fluctuation. Building such a detector where the resonance condition is exactly satisfied is
very difficult making the spontaneous emission scenario to be quite difficult in an advanced
experimental set-up. However, a detection of such an effect is an absolute evidence of the
existence of gravitons in nature.

Based on the difficulties of detecting graviton signatures, we consider a completely new model
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where a Bose-Einstein condensate at absolute zero temperature is modelled as a graviton de-
tector. In Chapter(6) titled, “Bose-Finstein condensate as a probe to detect quantum nature
of gravity”, we investigate the sensitivity of a relativistic Bose-Einstein condensate towards
incoming graviton fluctuations. One can here consider the Lagrangian density for a complex
scalar field theory with a quadratic self-interaction term where the system is placed in a
curved background. Extremizing the action with respect to the amplitude of the complex
scalar field, we obtain the Lagrangian density for a Bose-Einstein condensate from which one
can write down the action for a relativistic Bose-Einstein condensate in a curved spacetime
and combining this action with the Einstein-Hilbert action, one arrives at the action for
the model detector system. To incorporate quantum gravity effects in the model system,
the gravitational fluctuations are decomposed into its individual Fourier modes. Now, the
phase part of the complex scalar field can be expressed as a combination of a purely time-
dependent part and the pseudo-Goldstone bosons. Extremizing the action with respect to
the time-dependent part of the Goldstone bosons as well as the gravitational mode func-
tions, we arrive at two dynamical equations corresponding to the time-dependent part of
the pseudo-Goldstone bosons as well as the gravitational mode functions. The gravitational
fluctuations are then quantized by raising the individual Fourier mode functions to operator
status and implementing canonical commutation relation between the mode operators and
their conjugate operators. We now, analytically solve the equation of motion corresponding
to the time-dependent part of the pseudo-Goldstone bosons and from the analytical solution,
we obtain the graviton-noise infused analytical form of the time-dependent part of the Gold-
stone bosons. From the solution it is now possible to identify the Bogoliubov coefficients
where the coefficients get infused by graviton noise fluctuations. This is a very important re-
sult. From this graviton noise infused Bogoliubov coefficients, one can construct “symplectic”
matrices that transforms the covariant matrix of a single mode of the Bose-Einstein conden-
sate and produces the gravitational fluctuation infused covariant matrix of the Bose-Einstein
condensate. Making use of quantum metrological techniques, one can obtain the quantum
Fisher information out of the elements of the transformed covariance matrix which now get
infused by graviton noise fluctuations. This new quantum Fisher information is termed as
the quantum gravitational Fisher information. From the analytical expression of the quan-
tum gravitational Fisher information, it is easy to observe that the expectation value of this
information theoretic quantity with respect to initial graviton states is always higher than
the standard quantum Fisher information for a classical gravitational wave. This observation
helps us to write down a quantum gravity modified Cramér-Rao bound from which we can ob-
tain the minimum value of in the measurement of the standard deviation in the gravitational
wave amplitude. The standard deviation in the amplitude of the gravitational wave becomes
finite for gravitons with high squeezing even for very low measurement time which indicates
that if a BEC picks up gravitational fluctuations for a very small measurement time, gravitons
indeed have been detected. The standard deviation in the amplitude divided by the square
root of the gravitational wave frequency gives the sensitivity formula of the Bose-Einstein
condensate towards gravitational fluctuations. Summing over all phonon mode frequencies
for a noise term with a Gaussian decay term we observe that for high graviton squeezing, the
condensate is sensitive towards graviton fluctuations where the frequency lies in the range of
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a primordial gravitational wave. In case of a classical gravitational wave however, for similar
phonon squeezing, the condensate is not at all sensitive towards incoming graviton fluctua-
tions. This implies that in future generation of space based gravitational wave detector, if
a primordial gravitational wave fluctuation is captured then a simultaneous detection by a
Bose-Einstein condensate based detector with minimal squeezing of the phonons ensures the
detection of gravitons by the condensate. One can also reduce the requirement of very high
graviton squeezing by tuning the phonon mode squeezing accordingly.

Based on the results in Chapter(6), we propose an advanced Bose-Einstein condensate based
graviton detector in Chapter(7) titled, “Gravitational Bremsstrahlung from a Bose-Einstein
condensate”. We now quantize the condensate part of the model system by raising the
phonon wave vectors to operator status and implementing canonical commutation relation
between the phase space canonically conjugate operators. We use the von-Neumann equa-
tion of motion involving the density matrix of the Bose-Einstein condensate (BEC)-graviton
model detector system. Solving the von-Neumann equation of motion and tracing out the
graviton degrees of freedom, we arrive at the reduced density matrix corresponding to the
BEC part of the model system which now carries the influence of the graviton noise fluc-
tuations. We observe that the off-diagonal terms of the density matrix get modified by a
time-dependent term which includes a pure phase part whereas the other part is a pure time
dependent decay term dependent on the two-point graviton noise-noise correlator. This decay
term introduces decoherence between two superposing BEC momentum states. Instead of
superposition states, we consider a maximally entangled BEC momentum state and observe
graviton induced decoherence, via the emission of graviton induced bremsstrahlung. Based
on this analytical outcome, we propose a two-phase atom-interferometer for picking up the
signature of gravitons. It is also important to note that the initial tensor product state of
the graviton and the entangled BEC state gets mixed as well as entangled over time due to
graviton induced decoherence which is termed as a Bose-Einstein “supercondensate”. The
experimental model proposed in Chapter(7) uses existing experimental techniques where a
two-phase atom-interferometer is used which uses atom-lasers generated from a continuous
wave Bose-Einstein condensate created inside of a harmonic trap potential. The atom-lasers
plays the part of the matter waves which create a clear interference pattern if the two matter
waves are coherent to each other. Between the two interference patterns, there is a finite
time interval which ensures a lengthened graviton interaction time with the atom-lasers after
the first phase of interference. Now, if graviton induces decoherence then the second interfer-
ence pattern will be more distributed than the first interference patter leading to a detection
of gravitons as well as a Bose-Einstein supercondensate. We hope that if the experimen-
tal model is successfully implemented, it will be able to detect graviton signatures within a
matter of a decades time. This work concludes the results in our thesis.

Hence, in this thesis, we start with a model detector system where the matter part obeys the
generalized uncertainty principle and find out that the standard deviation in position holds
the signature of graviton noise fluctuation for a long period of time. Using similar model we
then find out that a quantum gravity modified model indeed implements a new uncertainty
relation where the lower bound indicates the existence of a minimal length in nature and
upper bound indicates the existence of a maximum value to the upper-bound of the variance in
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momentum. The first part of the thesis, therefore, points at fundamental aspects of quantum
gravity. In the second part, we find out significant features of quantum gravitational model
which is implementable in an experimental scenario and based on our findings, we propose
a very advance Bose-Einstein condensate based graviton detector, and we hope that these
new methodologies for detection of graviton signatures, if implemented, will be sufficient to
prove the existence of gravitons in nature. One can now investigate several other aspects
based on the findings of this thesis. Some of the fundamental analyses would be investigate
same models in the presence of a dynamical electromagnetic field where there is presence of
photon-graviton interaction. Using a path integral approach to investigate the same scenario
would be a connected work as well. We shall also investigate the implications of graviton
detection while using a BEC based detector in an acceleration radiation scenario. These
analyses shall ensure significant theoretical as well experimental prospects of our analytical
model and extend the works presented in this thesis.
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